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Abstract

In this thesis, I developed a new econometrics framework to estimate the size distri-
bution of income and obtain valid standard errors using grouped data. Data acquired
are often available in grouped formats: class frequency data, quantile data, interquan-
tile mean data. These three types of income data are common and more accessible,
while microdata are difficult to obtain due to high costs or confidential reasons. When
dealing with these data types, inequality literature often utilises imprecise statistical
methods for parameter estimation. This is the challenge that I set out to address.
Specifically in this thesis, I employ several distributions such as LogNormal, Gamma,
Generalised Beta and some mixtures between them for modelling the underlying
distribution of income. Under class frequency data, Expectation-Maximisation al-
gorithm provides recursive formulas for maximum likelihood estimators under the
assumption that the distribution is from, or can be mixed from exponential family. I
then introduce the method of quantile matching, the method of interquantile mean
matching, and method of proportion matching as a unified framework to solve the
estimation problems involving three data types. Joint estimators are developed to
make use of any combination of seemingly different data types for efficiency sake.
These new estimators bear a resemblance to their GMM counterpart, from which
various consistency and asymptotic normality properties are derived. I prove several
efficiency results that demonstrate the power and potential of the new estimation
framework. Finally, applications to Australian income data using new estimation
techniques are considered.
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Chapter 1

Introduction

1.1 Outline of Thesis

A wide range of economic and social problems are linked to inequality: gender
inequality, income and wealth inequality, voting power inequality and so on. When
handling these problems, economists and econometricians often want to quantify in-
equality systematically. This endeavour is a major part of a branch of economics
called distributional analysis in which the question of how to measure inequality
is of great importance. Parametric solution to this question generally boils down to
three steps: finding a relevant economic variable that is measurable and comparable,
discovering the underlying statistical distribution serving as a “blueprint” for the re-
alised data, and computing the inequality indices based on the estimated distribution
(Cowell, 2011).

As the objective is investigating income inequality, our interested economic vari-
able throughout the paper is individual earnings. However, the insurmountable diffi-
culty we face is the scarcity of income microdata. Instead of reporting exact individual
earnings, income data are usually displayed in grouped forms: class frequency data,
quantile data, and interquantile mean data. In class frequency form, earnings
data are classified into an array of intervals, and only the counts of individuals whose
income levels fall within each income range get reported. Each income range will

have a lower class limit, and upper class limit, and class width is defined as the dis-
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tance between lower limits of adjacent classes. Quantile data reports sample income
quantiles (usually at 10%®, 20", ... 90 percentiles) based on the empirical distribu-
tion of income. Sample median or sample quartiles are notable examples of quantile
values: sample 0.5-quantile is the median, sample 0.25, 0.5, 0.75 - quantiles are the
three quartiles. Standardised test results such as GMAT, GRE and ATAR[|adopt the
quantile framework to report scores, and the use of quantiles in summarising data are
growing in popularity. Interquantile mean data reports sample truncated means
restricted to a number of non-overlapping interquantile ranges (usually divided into
quintiles or deciles). As the simplest example, income data are partitioned into two
groups equal in size: lower than sample median, higher than sample median. The
average income for each group is then computed and displayed. Interquantile mean
(also known as trimmed mean) report is typical in many income and wealth surveys.
The usage of income data in summary forms can be found various times in [Piketty
(2014, 2015)); |Alvaredo, Chancel, Piketty, Saez and Zucman| (2018]).

Motivated by the challenge of distribution recovery, I devised new estimation
procedures to handle grouped data with proper theoretical foundation. The new esti-
mation techniques are applications of the Generalised Method of Moments and
constructed upon asymptotic behaviours of sample quantiles, interquantile means and
sample proportions. The estimated income distribution then enables us to perform
descriptive analysis, extract inequality measures, and even compute confidence inter-
vals and perform hypothesis testings. In the inequality literature, goodness of fit is
traditionally valued more than uncertainty quantification. This paradigm, however,
goes against the tradition of econometrics, and speaks to a quote by MIT physicist
Walter Lewin: “Any measurement that you make without the knowledge of its uncer-
tainty is completely meaningless”. Even though he makes this statement within the
context of measurement in physics, I think the general idea should also be extended
to any statistics and econometrics estimation framework.

One should be aware that the use of proposed estimation techniques is indepen-

dent of the variables chosen. The variables could as well be wealth, consumption,

LGMAT and GRE are graduate admission tests; ATAR is admission score for tertiary education.
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test scores, to name a few, and are not restricted to non-negative value. Therefore,
successfully developing these methods is significant for many other reasons apart from
investigating income inequality. Throughout the paper, I will define our variable as

income but readers should keep in mind that, the variable might be very general.

There are 7 chapters in the paper. Chapter [I| reviews the literature surrounding
this area of research, and presents the main structure of the thesis. My main references
for this chapter are two textbooks: Measuring Inequality (Cowell, 2011)) and Modeling
Income Distributions and Lorenz Curves (Chotikapanich, [2008).

Chapter [2| lays out the required foundation of statistics and inequality measures,
which then plays a vital role in developing new estimation techniques in later chap-
ters. Important statistical concepts such as quantile function (possibly the most
important), exponential family and generalised beta distribution, and Expectation-
Maximisation algorithm are covered. Main references for this part are: Maximum
Likelihood from incomplete data via the EM algorithm (Dempster, Laird and Rubinl,
1977)), Statistical Modeling and Computation (Kroese, Chan et al., 2014) for EM algo-
rithm and exponential family treatment, (McDonald, 1984; McDonald and Xul, [1995))
for the development of generalised beta family, (Cowell, 2011 for inequality charting
and measure. Statistics notations and thinking in this paper are influenced by two

textbooks written by [Blitzstein and Hwang (2014) and |Kroese, Chan et al.| (2014]).

Chapter [3| explores the idea of using EM algorithm to construct maximum like-
lihood estimators to solve the estimation problem of class frequency data. The re-
quirement for the applicability of EM algorithm is that the underlying distribution is
from exponential family or can be represented as a mixture from exponential family.
Many special mathematical functions naturally arise in formulas derived from this
chapter such as gamma function, beta function, generalised hypergeometric function,
appell function and so on. These functions are well-known in mathematical physics
and readers are encouraged to consult Formula and theorems for the special functions
of mathematical physics (Magnus, Oberhettinger and Soni, 2013) for reference. Inter-

active collection of formulas and graphics to these functions can be explored at The
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Chapter [4] is a major part of this paper, where the construction of new estima-
tors and their corresponding statistical properties are presented. The new estima-
tors, which solve the estimation problems of quantile data and interquantile mean
data, repeat arguments from Generalised Method of Moments developed by Hansen
(1982); Hansen and Singleton| (1982); Hansen, Heaton and Yaron| (1996)). This ap-
proach is possible due to identical pattern between moment conditions and asymp-
totic behaviours of quantiles and interquantile means. I introduced the method of
quantile matching, the method of interquantile mean matching, culminating in the
development of two joint methods. The joint methods of parameter estimation con-
siderably improves efficiency and accuracy by showing that one can exploit quantile
data, interquantile mean data, and even class frequency data simultaneously. Many
fundamental asymptotic results required for the development of new estimators are
taken from two statistics textbooks: A First Course in order statistics (Arnold, Bal-
akrishnan and Nagarajaj, 1992)), Approximation theorems of mathematical statistics

(Serfling}, 2009). These results are extremely important and used repeatedly.

Chapter |5| concerns the efficiency and stability issues of the newly developed esti-
mation techniques. Theoretical questions such as how efficient the estimators perform
when the number of groups increases or tends to infinity are addressed. The new esti-
mators are also compared to the benchmark maximum likelihood estimation in terms

)

of “limiting ” asymptotic efficiency. By looking at the information matrix from a dif-
ferent view, I developed indices that are capable of measuring how “multicollinear” a
distribution exhibits. Proof techniques in this chapter involve extensive use of Linear
Algebra. All the unstated results employed can be found in Linear Algebra and Its

Applications (Strang, 1980)).

Chapter [6] demonstrates an application of new estimation framework to restore
the income distribution in Australia for 14 years. Estimation routines are imple-

mented in Python and executed on Ariadne Number Cruncherf] Earnings data for

?http://functions.wolfram.com/
3T extend my sincerest thanks to Dr Fedor Iskhakov who permitted me to use Ariadne.
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Australian citizens are obtained from the Australian Bureau of Statistics (ABS).
Outputs obtained include estimates of parameters and various inequality indices with
valid standard errors. The trend of income inequality in Australia is then examined.
Finally, chapter [7| concludes the paper with a summary and suggests potential ideas
for future research.

Many formulas in this paper, especially in chapter 3] are derived using Mathemat-
ica. Its rapid prototyping capabilities and symbolic computation allow me to avoid
tedious computations and focus on important ideas. Style of chapter [4] and [5| are
mathematical, sometimes intuitive, non-rigorous. Indeed, I often take reasoning to
the extreme, for example, letting the number of groups tend to infinity, or using the

discrete-continuous analogy.

1.2 Literature Review

This section reviews parametric approach to inequality measure surrounding
distributional analysis literature. Non-parametric estimation methods are less pop-
ular and will not be our concern. Each method is devised to address an estimation
problem associated with a particular type of data, or a functional form. A review
of statistical distributions relevant to the field of distributional analysis is presented
first, followed by estimation techniques corresponding to the data types used.

The first economist who started the quest for a descriptive model of income is
Pareto more than a century ago (Pareto and Politique, [1897)). He observed that
in many populations, the number of individuals whose earnings exceeded a given
level is proportional to its reciprocal power, later on, known as Pareto power law
(Mandelbrot), [1960). However, evidence has shown Pareto law is only applicable to
the upper tail of the income distribution. R. Gibrat showed Log-normal more properly
describes the income distribution in the middle-income range (Gibrat|, [1931). |Dagum
(1977) in his seminal paper proposed a new model for the size distribution of income
that satisfies a set of important assumptions. The new model, later become known

as the Dagum distribution, is established by investigating properties of distribution
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function based on an empirical foundation. The three-parameter model which bears
Dagum’s name “still represents one of the most complete formalisations with regard to
economic theory, stochastic derivation and possibilities for use in empirical analysis.
Every parameter has a precise economic interpretation, and the model fits a complete
series of formal-logic properties.” (Lemmi and Betti, 2007). At around the same time,
a new model for income distribution was proposed by |Singhi and Maddala| (1976). By
generalising Pareto and Weibull distribution based on the concept of failure rate, they
derived a new three-parameter income distribution. This distribution is shown to fit
income data from various countries very well; thus, it becomes widely used in empirical
studies. McDonald| (1984)) suggests the use of two generalised beta families as a model
for the size distribution of incomes. These two families are shown to include the beta of
the first and the second kind, Singh-Maddala, the Log-normal, Gamma, Weibull, Fisk
as particular cases. Ultimately, McDonald and Xu| (1995)) unified generalised beta of
the first and second kind into a single family named generalised beta. The generalised
beta is shown to be extremely flexible, including more than 30 distributions as special
or limiting cases. Therefore, the use of the generalised beta family is dominant in this
paper for modelling the hypothetical distribution of income. Other suggestions are
Gamma distribution (Salem and Mount, 1974; [McDonald and Jensen, [1979), sech?
distribution (Fiskl 1961), Yule distribution (Simon, (1955, [1957; |Simon and Bonini,
1958)), generalised normal-Laplace distribution (Reed and Wu,, |2008). Comprehensive
coverage of the use of functional forms in describing income distribution is discussed

by [Kleiber and Kotz (2003).

A recent trend in modelling income distribution is using mixture models. [(Chotika-
panich and Griffiths| (2008)) suggested a Bayesian procedure to estimate a gamma
mixture with two or three components using a sample of Canadian income micro-
data. The paper also obtained a posterior density of Gini coefficient and Lorenz
curve. However, caution must be raised because the chosen prior densities are in-
formative. |Paapaa and Van Dijkl (1998)) studied the distributions at global scale of
real GDP per capita for a combination of 120 countries from 1960 to 1989. These

distributions appear to be bimodal, and a mixture of Weibull and truncated normal
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densities is adopted to describe the bimodal distribution. With microdata, income
inequality in New Zealand was examined by [Bakker and Creedy| (1999)) using a mixed
distribution between Gamma and Exponential based on maximum likelihood estima-
tion. [Lubrano and Ndoye| (2016|) adapted the Bayesian approach using a mixture of
log-normal distributions for UK income microdata. Their finding confirms that a mix-
ture of Log-normal distributions is a powerful descriptive model for the UK income
distribution. A concluding remark was made that a Pareto tail is potentially more

satisfactory, suggesting the mixture of Log-normal and Pareto for future research.

McDonald and Xu| (1995) introduce generalised beta family and maximise the
multinomial generalised beta likelihood function using household income in class
frequency format. Due to exceptional versatility, the use of generalised beta as a
descriptive model of income achieves substantial goodness of fit. Nevertheless, the
paper contains one unsatisfactory aspect: there is no standard error for parameter
estimates. (Chotikapanich, Griffiths and Rao (2007) investigated income inequality
in China by adopting the same multinomial likelihood approach with class frequency
data. Hinkley and Cox (1979) show the estimator obtained by maximising multino-
mial likelihood function is asymptotically efficient relative to other estimators based
on grouped data; however, they are less efficient than maximum likelihood estimators
based on individual observation. Using maximum likelihood estimation is standard
in dealing with class frequency data; however, several other asymptotically equiva-
lent procedures are viable such as Pearson minimum y? and least squares estimator

(Hinkley and Cox, 1979; McDonald and Ransom) [1979)).

Various estimation procedures are proposed to deal with interquantile mean data.
Chotikapanich and Griffiths| (2002) converted interquantile mean data to Lorenz
shares, and performed analysis on share data instead. Since the shares add up to
unity, they assume these income proportions are Dirichlet distributed and use max-
imum likelihood for parameter estimation. The authors claim maximum likelihood
estimates under Dirichlet assumption provide better Lorenz curve fit than nonlinear
least square and other available estimation techniques. [Kakwani and Podder| (1976))

introduced a new coordinate system for the Lorenz curve, viewing the egalitarian line
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as the x-axis. By imposing a multiplicative separable functional form of Lorenz curve
on the new axes, the authors provide a simple and elegant technique for estimating
parameters and extracting standard errors by linear regression. Another important
paper that deserves attention is: “Estimating and combining national income dis-
tributions using limited data” written by Chotikapanich, Griffiths and Rao| (2007)).
The authors came up with an estimation procedure (CGR), motivated by GMM, to
minimise a quadratic objective function involving a list of moment conditions under
interquantile mean data. The insight of using GMM is valuable and truly promising;
however, I show their proposed data generating process is spurious. |(Chotikapanich,
Rao and Tang| (2007)) then applied the CGR method to investigate income inequal-
ity in China using interquantile mean data. Parameters estimates are reported, but
the knowledge of how accurate these estimates are cannot be extracted using their
framework. Despite widespread use of quantiles in income surveys, there are few
methods available in the distributional analysis to deal with this data type except
for the method of quantile matching. Some preliminary results in quantile matching
method are published in the papers by Dominicy and Veredas (2013)) and [Sgouropou-
los, Yao and Yastremiz (2015). Apart from being equivalent in some respects, my
development delve more deeply into the estimator’s asymptotic efficiency and how
the quantile matching estimation is connected with other matching methods.
Several other non-standard methods are available. The least square frequency
estimator (LSFE) is introduced by Bakker and Creedy| (1998)) to obtain estimates
of exponential family parameters using class frequency data. They use log-linear
approximations to derive a standard linear regression equation with random noise
associated with numerical integration errors. By making some assumptions on this
“quadrature” errors, the authors can supply standard errors for their estimators.
Kobayashi and Kakamu| (2016) adopted a Bayesian approach based on sequential
Markov Chain Monte Carlo to estimate parameters from the Lorenz curve using class

frequency data.
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Chapter 2

Theoretical Foundation

This chapter outlines and reviews the fundamental inequality and statistics concepts
necessary for subsequent development. These fundamental concepts include inequal-
ity charting and measure, Lorenz curve, notions of quantile and interquantile mean,
generalised beta family, exponential family and Expectation-Maximisation algorithm.

The results presented in this chapter are used repeatedly in the subsequent chapters.

2.1 Inequality Charting and Measure

There are several ways to visualise the inequality of income, namely probability
density function (PDF), cumulative distribution function (CDF), Parade of Dwarf,
and Lorenz curve. Economists also desire to capture the inequality into one single

measure or index, most notably the Gini coefficient, Theil index, and Pietra index.

Probability Density Function

Probability density function (PDF) describes how likely a random variable takes on
a given value, denoted by fy(y) (see Figure for examples of PDF graph). PDF
characterises the behaviour of a continuous random variable completely. All possible
values that Y can take are the support of Y. If Y has the unit of dollar, then
the density has unit probability per dollar. This simple fact proved very useful in

dimensional analysis when one wants a simple check of some complicated probability-

25



Figure 2-1: GAMMA PROBABILITY DENSITY FUNCTIONS

0.35 - —— Gamma(2,1) PDF
' —— Gamma(4,1) PDF
0.30 A Gamma(7,1) PDF
0.25 A
>
£0.20 A
C
(O]
0 0.15 A
0.10 ~
0.05 A
000{ Lo T
0 2 4 6 8 10 12 14
X

Notes: The leftmost curve represents Gamma(2, 1) density, The middle curve represents
Gamma(4, 1) density, and the rightmost curve represents Gamma(7,1) density. The

shaded area under each curve is always 1.

related formula. In this thesis, we will focus exclusively on continuous distribution
with nonnegative support [0,00) to describe the hypothetical income distribution.
Income density function also has another interpretation: suppose at income level
y, the corresponding density is f(y), then the proportion of the population having
income ranging from y — € to y + € is roughly 2¢f(y), provided that e is a small
number. The proportion of people whose income range from a to b is the area under
the density curve and above the income range. If we employ density graphs to visualise
the income distributions, a rightward shift in the density curves over time corresponds

to a growth of the overall income level.

Cumulative Distribution Function

The cumulative distribution function (CDF') describes the probability that a random
variable Y will be realised at a value less than y (see Figure for examples of CDF).

A random variable has a continuous distribution if its CDF is differentiable. Strictly
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Figure 2-2: GAMMA CUMULATIVE DISTRIBUTION FUNCTIONS
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Notes: The leftmost curve represents Gamma(2,1) CDF, The middle curve represents
Gamma(4,1) CDF, and the rightmost curve represents Gamma(7,1) CDF. The CDF for
a continuous random variable is always a smooth curve, strictly increasing from 0 to 1.

speaking, finitely many points can be allowed to be continuous and not differentiable,
and density function for a continuous random variable is defined as the derivative
of its CDF. The fundamental theorem of calculus says the CDF can be derived by
integrating the PDF:

Fy(y) = P(Y < y) = / " hyde 2.1)

Expectation

The expected value of random variable Y (also known as mean, first moment), denoted
by u, is a measure of location of a distribution and is the most commonly used measure

of central tendency. The expected value of a continuous random variable with PDF
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Fy (y) is defined as:
p=E0) = [ ufvwdy 2.2

— 00
Variance

In order to quantify the dispersion, statisticians often use variance that is defined as
the average value of squared deviation from the mean. The variance of a continuous

random variable with PDF Fy (y) is:

o? = Var(Y) = /_OO (v — )’ fr(y)dy (2.3)

Parade of Dwarfs

An instructive diagram capable of representing inequality is Jan Pen’s Parade of
Duwarfs Pen| (1974). In fact, it is one of the most persuasive visual devices for inves-
tigating income distribution. Imagine that each person in the population is assigned
a height proportional to his or her income. The person with the highest income is
the tallest whereas the person with the lowest income is the shortest. Each person
is standing at a point between 0 and 1, and they must line up in ascending order of
height. Parade of Dwarfs’ diagram depicted an example of the imaginary march

specified above.

Quantile Function

Suppose continuous random variable Y admits CDF Fy (y). The CDF is continuous
and strictly increasing; therefore it exhibits an inverse function called F~!, known as
quantile function. Denote Q = F~! as an alternative notation for quantile function.
With new notation, the median can be alternatively written as (0.5), the first quar-
tile is @(0.25). Quantile and quantile function are fundamental concepts throughout

the thesis, which are shown in the following important theorem.

Theorem 2.1.1 (Universality of the Uniform). X is a random variable with

strictly increasing, continuous CDF F', so that the quantile function Q) is well-defined.
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Figure 2-3: PARADE OF DWARF
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Notes: Parade of Dwarf diagram also emphasises the presence of abnormally large income,
which is not easy to spot when looking at a corresponding density function. Source:

(2011)

Let py, p2 be any number between [0, 1] with py < py and put 1 = Q(p1), 2 = Q(p2).
Fla, 2) Tepresents the truncated distribution of F on (x1,2z2). Then the following
statements hold.

i. F(X) ~ Unif(0,1)

it. Q(U) ~ F where U ~ Unif(0, 1)

iWi. Q(U) ~ Flg, zy) where U ~ Unif(p1, p2), giving

B(X o < FOO <) = ——— [ Q) au (2.4
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Proof. For any given u between (0, 1):

P(F(X) <u)=PX <Q(u) = F(Q(uv) =u (2.5)

which coincides with the CDF of standard uniformly distributed random variable.
Therefore F/(X) ~ Unif|0, 1].

For any given x, we also have:
P(Q(U) <x)=P(U < Fx(z)) = Fx(x) (2.6)
which agrees with the CDF of X. The third statement can be proved similarly. [

Equation provides formula for population A*" interquantile moments of distribu-
tion F from p;-quantile to po-quantile (also denote as ;" (py, p2) with the suppression
of the super-index when A = 1). As an important special cases, we can obtain in-
terquantile mean by setting h = 1 and interquantile second moment h = 2, and
interquantile variance is given by:

(2) (

o*(p1, p2) = 1 (p1, p2) — plp1, p2)? (2.7)

Lorenz Curve

Lorenz (1905) introduced the Lorenz curve as a powerful method for illustrating the
concentration of income and wealth distribution. The curve shows the proportion
of overall income my for wealth possessed by the bottom z% = m; of the people.
A society where all people have the same income is represented by a straight line
Ty = my, also known as the egalitarian line. Figure [2-4] illustrates a typical graph
of the Lorenz curve. There are two ways to handle the Lorenz curve analytically:
Direct function, Parametric Equation. The results are summarised by the following

two theorems.

Theorem 2.1.2 (Parametric Equation of Lorenz Curve). Assuming that an

underlying income distribution has PDF fy(y) and CDF Fy(y). Lorenz curve is
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Figure 2-4: LORENZ CURVE
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Notes: The Lorenz curve always starts at (0,0) and ends at (1,1) and exhibits convexity.
Point Q on the curve says the bottom 64% of the population have 36% of total income.
Source: |[Cowell| (2011))

traced out by the parametric equation:

m(y) = F (2.8)

Y(y)
ma(y) = % / oL

Proof. At income level y, the fraction of population earning income less than y is

m1(y) = Fy(y) while the income share owned by this fraction of population is:

raly) = TSRS s [ a (2.9)

as desired. O
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Theorem 2.1.3 (Direct Lorenz Function). Direct formula for Lorenz curve is

given by:

L(m) = % /7r q)dq = —/ Qv (q)dq, me]0,1] (2.10)

Proof. Put y = Qy(m), we immediately have m = Fy(y). Then using part 3 of
Theorem 2.1.7k

EY|Y <y) / Qv (q (2.11)
The income share of the group having income less than y is:
PY <y EV|Y <y) _ /
= 2.12
as desired. n

Gini coefficient

Gini coefficient is a measure of variability introduced by |Gini| (1912). The Gini
coefficient is defined as twice the area trapped between the Lorenz curve and the
egalitarian line (twice the green-shaded area in Figure . The Gini coefficient,
denoted by G, provides a simple quantification of income inequality between 0 and
1. Indeed, G = 0 represents the situation where every individual receives the same
income level, while G = 1 represents the situation where all persons receive 0 income

except for one. Mathematically, the Gini coefficient for a continuous distribution is:
1

G=1- 2/ L(m)dm (2.13)
0

The computation of Gini coefficient is easier due to the following theorem, proved by

Dorfman| (1979).

Theorem 2.1.4 (Dorfman). Gini coefficient can be alternatively expressed as

1 o0 o0

=g [ O-FwRwd=1-5 [ 0-R)?a
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Proof. The alternative and shorter proof is deferred to Appendix O

Theil Index

Theil (1967) discovered that the entropy concept from information theory provides a
useful way of measuring inequality. It can be viewed as a measure of redundancy, lack
of diversity, isolation, segregation, inequality, non-randomness, and compressibility H

The Theil-T index is defined as:

7}:E<§%m<§%>>:Awé%m(%ﬁfwwdy (2.14)

Pietra Index

Another common inequality index is Pietra, which is defined as the maximal vertical

distance between the Lorenz curve and egalitarian line:
P = max{m(y) — m(y)} = max{z — L(r)} (2.15)

Two other representations for Pietra index, which facilitate numerical computation

later on, are provided by |Sarabia and Jorda (2014)).

_ EX — 4
P— 7 (2.16)
P = Fy(p) — L(Fy(u)) (2.17)

Theil and Pietra indices are alternative inequality measures that will later on
be estimated using Australian earnings panel data. A estimated series of different

inequality indices allow us to investigate the trend of income inequality in Australia.

'https://en.wikipedia.org/wiki/Theil_index
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2.2 Generalised Beta Family

Statistical distributions are the key to analysing empirical data and many statistical
processes. In this section, we will review the development of Generalised beta of the
first kind, generalised beta of the second kind, culminating in generalised beta family.
The final class of distributions is extremely flexible and capable of fitting a wide range
of distributional shapes, which make the use of generalised beta family as an income

distribution model useful.

Generalised Beta of the first kind

The generalised beta of the first kind was first presented in a paper by McDonald
(1984)). In his work, he did not specify the process of deriving the new density function.
However, it is worth understanding the transformation that relates beta distribution
to the generalised beta of the first kind. The process is as follows: suppose random

variable X ~ Beta(p, q) has PDF:

1

= mxp_ (1—x), z€(0,1) (2.18)

fx(z)

This well known standard beta distribution with two parameters is undoubtedly one
of the most frequently used distribution in statistics.

Despite its flexibility, the support of Beta distribution is restricted to the interval
(0,1). To extend the range of values the distribution can take, we make a transfor-

mation:

Yi=XY%, b>0 (2.19)

Then say random variable Y; ~ GB1(p, ¢, a,b). The PDF and CDF associated with

random variable Y; are:

~aly™ (1 = (y/b)*)!
fily) = b B(p, q) )

Fi(y) = Lyepa(p,q), y€(0,0) (2.21)

y € (0,b) (2.20)
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This four-parameter PDF is very versatile, in the sense that it includes beta of the
first kind (set @ = 1), Pareto distribution (set a = —1,¢ = 1), generalised gamma GG
(set b = ¢*/* and let ¢ go to infinity). It also nests some obvious distributions such as
standard Beta (put a = 1,b = 1, cancelling the effect of the above transformation),

or uniform (which is a special case of standard beta), power distribution P and Unit

Gamma (McDonald, [1984; McDonald and Xu, |1995)

Statistical Properties of GB1 family

With the density and distribution functions of GB1 family, Statistical properties such
as moment, quantile function, Lorenz function can be derived. First, the A™ moment

associated with GB1 family is provided by the formula:

V'B(p+1/a,q)
B(p,q)

B(V") — (2.22)
Using Equation [2.22] one can acquire formulas for the mean, variance, skewness,
kurtosis of GB family. By solving for the inverse CDF, the quantile function is

obtained:

Qi(m) =bL " (p.@)"", 7€ (0,1) (2.23)

Denote Q7' as the antiderivative for quantile function: “£Q{(7) = Qi(r). Q1 is

chosen so that Q4(0) = 0 and its analytic expression is given by:

abI; ' (p, q)t?

Ql (ﬂ-) = (ap + 1)(@p—|— a+ 1)B<p7 Q) .

1 1
[(aer a+1)oF (p+ PRRR s 117 (p, Q)) +
1 1
(ap+ 1)1 (p, q) 2 F (p + - + 1,1 —qp+ - +2: I 1 (p, q))] (2.24)

Using theorem [2.1.3|regarding the direct Lorenz function, the closed-form expres-

sion for Lorenz function is attainable from the expression for antiderivative of
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GB1 quantile function :

Ly(m) = %Qm e 01) (2.25)

One can compute Gini coefficient numerically from equation [2.25| or consult ana-
lytic formula for Gini coefficient provided in (McDonald and Ransom), [1979).

From equation to compute the interquantile moments, we need to integrate
the quantile function raising to some power. Luckily, there is an analytic expression

for such integral, and so the antiderivative of Q7 () is:

ab"I- (p,q)Pte
(ap +n)(ap + a+n)B(p, q)

n n
(ap+ a+n)oFy <p+ E,—q;p+5+1;f;1(p,q)> +

QM (m) =

_ n n _
(ap +n) I (p, q) 2 Fr (p toFLlogpt o 2, I (p, q))} (2.26)

Generalised Beta of the second kind

The generalised beta of the second kind was first introduced by McDonald| (1984).
He did not specify the process of deriving the density function for tor GB2 family.
However, it is worth understanding how beta distribution is related to the generalised
beta of the second kind. Suppose random variable X ~ Beta(p, ¢), and we make a

transformation:

X 1/a

The support for random variable Y3 is no longer as limited as (0, 1). In fact, Y5 can

take values on (0,00), and its associated density function and distribution function

are:
ayapfl
foly) = Tave R (2.28)
B(p, q)b“p(l + b—a)
Fy) = BR(p A opa), y>0, iy >0 4y (229
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Y5 is then said to follow Generalised Beta distribution of the second kind, with

core shape parameters p,q, additional shape parameter a, and scale parameter b:

McDonald| (1984)); McDonald and Xu (1995) showed the GB2 family nests many
important distributions as special or limiting cases, namely generalised gamma GG,
Burr types 3 and 12 BR3 and BR12, gamma distribution, Fisher F', Lomax L, Weibull
W, Log-normal LN, Rayleigh R, Chi Square 2, half student ¢+ and Exponential

distribution.

Statistical Properties of GB2 family

With the density and distribution functions of GB2 family, Statistical properties such
as moment, quantile function, Lorenz function can be derived. First, the A" moment

associated with GB1 family is provided by the formula:

V'T(p+ h/a)L(q — hja)

B = I'(p)L'(q)

(2.31)

Using Equation [2.31] one can acquire formulas for the mean, variance, skewness,
kurtosis of GB1 family. Being able to obtain analytic expressions is significant in
speeding up estimation procedures. By solving for the inverse CDF, the quantile

function is given as:

I (p,q)

1/a
Qz(w):b(l_lﬂ_l(p?@) L me(0,1) (2.32)

Denote Q4 as the antiderivative for quantile function: %Qf(ﬂ) = Qq(m). Qf is
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chosen so that Q5'(0) = 0 and its analytic expression is given by:

abI7(p, q)P+1/e y
(ap+1)(ap + a+ 1)B(p,q)

11 1
{(ap+a+1)2F1 (p+ a,a—q;p+5+131ﬂ1(p,Q)) +

Q3 (m) =

1 1 1
(ap + 1)I N (p, q) 2 Fy (p+ St L—gt o Lpt 42 I p, Q))] (2.33)

Using theorem [2.1.3|regarding the direct Lorenz function, the closed-form expres-
sion for Lorenz function is attainable from the expression for antiderivative of
GB2 quantile function :

Lo(m) = o @3 () (231
)= —=Q5 (7 :
B
Gini coefficient can be computed numerically from equation [2.34] or from analytic

formula provided in (McDonald and Ransom, [1979).
Using equation [2.4] one can derive is an analytic expression for the antiderivative

of Q3 (r):

abn[;l(p’ q)ern/a
(ap +n)(ap +a+n)B(p.q)

Q2”(”):
n n n
[(ap+a+n)2F1 (p+5,5 —Q;p+g+1§[7r_1(p,Q)> +

n n n
(@ +m) I (p.a)2Fi (p+ = + 1 =g+ = + Lp+ =+ 211 (p )] (239)

Generalised Beta Unification

In their influential paper, McDonald and Xu (1995) synthesised GB1 and GB2 families
into a larger class of distributions, namely Generalised beta. The unification process
is as follows: suppose random variable X ~ Beta(p,q), we make a transformation

that nests the transformations used in GB1 and GB2:

X 1/a
Y:(1_6X> b, b>0,cel0,1] (2.36)
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Figure 2-5: PDF OF GENERALISED BETA AT VARYING ¢ € (0,1)

c L0

Notes: The outermost vertical cross-section corresponds to GB1 density with finite sup-
port, whereas the innermost vertical cross-section corresponds to GB2 density with infinite
support. Intermediate vertical cross-sections depict the whole spectrum of the unified GB

family densities corresponding to ¢ running from 0 to 1.

When ¢ = 0, Y is GBI distributed while when ¢ = 1, Y is GB2 distributed.
Moreover, there is a whole spectrum of intermediate distributions associated with c
running from 0 to 1. Figure depicts the distributional shape of GB family at
varying ¢ between (0,1). The outermost cut corresponds to GB1 density with finite
support, whereas the innermost cut corresponds to GB2 density with infinite support.

Random variable Y has PDF and CDF:

_ laly™ T (= (1= o)y /)

fr(y) @ , y>0 (2.37)
y“\rta
ap z
B(p, q)b (1 +ec ba)
Fy(y) = BR(bai—cya;p, q), y>0 (2.38)

Y is then said to follow Generalised Beta distribution, with parameters p, ¢, a, b, ¢

Y ~ GB(p,q,a,b,c) (2.39)

The GB2 family nests many important distributions as special or limiting cases,
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Figure 2-6: GENERALISED BETA FAMILY TREE
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Source: (McDonald and Xul, |1995])

namely generalised gamma GG, Burr types 3 and 12 BR3 and BR12, gamma dis-
tribution, Fisher F, Lomax L, Weibull W, Log-normal LN, Rayleigh R, Chi Square
x?2, half student ¢t half Normal N*, and Exponential distribution. Figure show

a remarkable family tree subsumed by the unified generalised beta family.

Statistical Properties of GB family

With the density and distribution functions of GB family, statistical properties such
as moments, quantile function, Lorenz function can be derived. First, the A" moment

associated with GB family is provided by the formula:

VT (3 +p) oF (35 +pig +p+ac)

B = B(p,q)T (2 +p+q)

(2.40)

Using Equation [2.40, one can acquire formulas for the mean, variance, skewness,
kurtosis of GB1 family. Being able to obtain analytic expressions is significant in

speeding up estimation procedures. By solving for the inverse CDF, the quantile
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function is given as:

Qlr) = b (L"-’)))w (2.41)

1=l (p,g
Denote Q* as the antiderivative for the GB quantile function: LQ*(7) = Q(w).

Q* is chosen so that Q(0) = 0 and its analytic expression is given by:

abI7 ! (p, q)P /e y
(ap+1)(ap+a+1)B(p, q)

1 1 1
[(ap+ a+1)F (p+ PRIl e LI (p,q), eI (p, q)) +

Q(r) =

(2.42)

- 1 1 1 - _
(ap+ 1) (p,q) Fy (p+ ot 1;1—g, bt 2, I (p, q), eI (p, q))}

(2.43)

Using theorem [2.1.3|regarding the direct Lorenz function, the closed-form expres-
sion for Lorenz function is attainable from the expression for antiderivative of

GB2 quantile function :

1

L) = 5y @) (2.44)

Using equation 2.4 an analytic expression for the antiderivative of Q3(7) is pos-
sible:

ab™ It (p, q)Pm/e y
(ap+n)(ap +a+n)B(p,q)

n n n _ _
[(ap+ a+n)Fy (p+ IS Dl i L1 (p,q), eI (p, Q)) +

Q™ (m) =

B n n n _ _
(ap+n) I (p,q)Fy <p+ —HLl—g i+ -+ 2,1 (p.q), eI (p, q))]

(2.45)

2.3 Exponential Family

Most of commonly used distributions in statistics and econometrics are from expo-
nential family: Binomial, Geometric, Normal, Exponential, Gamma, Beta and so on.

Its representation is chosen for mathematical convenience and generality, and based
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on useful algebraic properties. Reviewing the representation and its properties is the

main goal of this section. For a good treatment of exponential family, see Kroese,

Chan et al.| (2014).

Definition 2.3.1 (Exponential Family). . Let X = (X, X5, ..., X,,) be a random
vector with joint PDF f(x;0), where 8 = (6;,0s,...0,) is a parameter vector. X is
said to belong to an m-dimensional exponential family if there exist real-valued
functions Tj(x), 1;(0), 7 = 1,2,...,m and h(x) > 0, and a normalising function

c(0) > 0, such that

f(x;0) = c(8) exp (Z ﬁj(G)Tj(X)) h(x) (2.46)

An important subclass of exponential family is natural exponential family, which

is obtained by restricting m = d and choosing 7;(0) =6,, 7 =1,2,....d.

Definition 2.3.2 (Natural Exponential Family). . Let X = (X, X5, ..., X;,) be a
random vector with joint PDF f(x; @), where 8 = (04,05, ...0,;) is a parameter vector.
X is said to belong to an natural exponential family if there exist real-valued
functions T;(x), j = 1,2,...,d and h(x) > 0, and a normalising function ¢(6) > 0,

such that

f(x;0) = ¢(8)exp (Z ejTj(x)) h(x)
= ¢(0)e? T™h(x) (2.47)

where T(x) = (T1(x),T2(x), ..., T4(x)) is a vector of sufficient statistics associated

with the natural exponential family.

Lemma 2.3.3 (Truncated Exponential Family is Exponential Family). The
truncated distribution on interval [a,b) for a univariate natural exponential family
with density f(x;0) = c(O)BGTT(‘”)h(a:) still belongs to natural exponential family.

Proof. Let F(x;0) be the corresponding CDF, then the truncated density is given
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c(8)e? TOh(2) L4y (2)
F(b;0) — F(a;0)

flap)(2;0) = (2.48)

By putting (@) = ¢(8)/(F(b;0) — F(a;0)) and h(z) = h(z)1igp (x), the truncated
density fl,4) has the desired representation of natural exponential family specified in

definition 2.3.2 m

The result remains valid if using the general exponential family instead of its
natural version with similar proof. It is a simple and striking fact that a truncated

exponential family also belongs to exponential family.

Lemma 2.3.4 (Efficient Score for an Exponential Family). The efficient Score
for a natural exponential family with PDF f(x;0) = c(@)eeT T@h(x) is given by

Ve(0)
S(0; X) = T(X 2.49
(0:3) =~ + T(X) (2.49)
then deduce that
V()
EeT(X) = — 2.50
Proof. The log-likelihood function is
In f(X;0) =Inc(@) + 0" T(X) + Inh(X) (2.51)
Now take the gradient with respect to 6:
Ve(0)
S(0;X) = T(X 2.52
(0:X) =~ + T(X) (2.52)
and obtain desired result by using the fact E¢S(68;X) = 0. O

This result provides the analytical formula for the expectation of sufficient statis-
tics. By invoking Lemma [2.3.3] and Lemma [2.3.4] if a univariate distribution is from
natural exponential family and its CDF is expressible, then the expectation of suffi-

cient statistics for truncated distribution also have closed-form expression.
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Figure 2-7: MM ALGORITHM: MINORISE-MAXIMISATION

Source: https://en.wikipedia.org/wiki/MM_algorithm

2.4 Expectation Maximisation Algorithm

Expectation Maximisation (EM) algorithm is a practical numerical method for
maximising likelihood function. EM algorithm is first introduced in the seminal paper
written by Dempster, Laird and Rubin| (1977). The algorithm can be considered as
a subclass of MM algorithm (Majorise-Minimisation or Minorise-Maximisation).
Indeed, EM algorithm is a special case of Minorise-Maximisation algorithm. The use
of the word “algorithm” here is a misnomer because the algorithm itself is not an
algorithm, but a description of how to construct an optimisation algorithm. This
section adapts the coverage of EM algorithm in Kroese, Chan et al| (2014) with

several changes in notation and explanation.

Figure depicts a typical iteration of doing MM algorithm. Suppose we wish
to find argument # to maximise objective function f(f). One approach is to find a
sequence of guess (0,,)m>o such that function f shows improvement for every consec-
utive terms in the sequence, i.e. f(6,,) < f(011). At each m, if we are able to find

a minor M (0|6,,) such that the following conditions are satisfied: (i) M (0,,]0,,) =
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f(6n), (i1) M(0|0,,) < f(6). Typically, we aim to find the minor that is easier to
maximise than the objective function itself. Suppose 6,,,1 maximises the minor,

then:
fOm) = M(Om|0m) < M(Omia]0m) < f(Omsr) (2.53)

Suppose that, for a given vector of observation x = (z1,xs,...,x,), we wish to
compute the MLE:

A

0 = argmax L(0;x) (2.54)

where L(6,x) = f(x;8) is the likelihood function

A root-finding routine can be used for score function to obtain 8. However,
computing the score function and Hessian matrix analytically (required by Newton-
Ralphson method) is potentially very complicated. Instead of maximising the likeli-
hood function directly, the EM algorithm augments the data x with suitable vector

of latent (or hidden) variable z such that

F(x:0) = / fo(x,7: 0) dz (2.55)

The function of @
L0;x,2) = [°(x,2;0) (2.56)

is called complete-data likelihood function. The main merit of the data augmen-
tation step is that it is often feasible to introduce latent variables z in such a way
that the maximisation of the complete-data likelihood L¢(0;x,z) or its logarithm is
much easier than maximising the original likelihood function L(6;x) or log-likelihood

function (0;x) = In L(0; x)

Definition 2.4.1 (KL Distance). A useful way to measure how far away a PDF g
from another PDF h is the Kullback-Leibler (KL) distance (also known as KL

divergence or cross-entropy distance), defined as:

D(g,h) =E,; In %
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Theorem 2.4.2 (Jensen’s Inequality). f : D C R" — R is a concave function

over conver domain D. x 1s a random vector, taking values on set D, then

Ef(z) < f(Ex)

Theorem 2.4.3 (Nonegativity of KL Distance). Given two density functions g

and h, then the Kullback-Leibler distance between them is nonnegative.

Proof. Apply theorem to the natural logarithm function, which is concave

~D(g,h) = E, (m %) <In (Eg%) =1In (/ h(x) dx) =Inl=0

]

The principle behind EM algorithm rests on the following decomposition, where

g(z) is any valid density function

In f(x;0) = /g(z)lnf(x;O)dz
o (fz0)e@) )
= J ot (féx(Z!X;G)/g(Z)> !
N A (Lxz0)N ¢ (.
= [ st (F222) a1 Do 00
— E,Inf(x.Z:0) — E,Ing(Z) + D(g, f5(:0))  (257)

v

E,In f¢(x,Z;0) — E;In g(Z) (2.58)

The equality can be achieved in W if g = f%\x('Q 0). Now we are ready to present
EM algorithm

Algorithm 2.4.4 (EM Algorithm). Suppose 6 is an initial guess for the max-

imiser. The EM algorithm consists of iterating the following steps:

1. Expectation Steps (E-Step): Given the current vector 6,_1, put:

9:-1(2) = fzx(2[%;60;-1) (2.59)
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and compute the average complete-data log-likelihood function

Q(0]0;1) := Eg._.In fe(x,2;0) — Eg_.In 9-1(2) (2.60)

The function Q(0]6;_1) defined above is a minor for In f(x;0) at 6;_;. In prac-
tical context, we can ignore the constant part (depend on ;1 only) associated
with minor. For example, E,, ,Ing;1(Z) is a constant and very often, some
parts of E,, | In f(x,Z; 0) after expansion can be ignored too if they depend
on #;_; only. We abuse the notation by using the same function name Q(-|6;_1)

for a minor up to a constant from now on.

2. Maximisation Step (M-Step): Maximise Q(0|60;_1) with respect to € to
obtain better guess:

0, = argmax Q(60|6;_1)
0

3. Stopping Condition: If, for example, |[[(07;%x) — [(67_1;%x)| < € for some
small chosen tolerance €, terminate the algorithm. An alternative terminating

condition is using ||@7 — 01| < e.

A direct consequence of the EM algorithm is that the sequence of log-likelihood
values does not decrease with each iteration. In fact, using equality [2.57, and inequal-

ity 2.58], we have

Inf(x;0,1) = EgInfe(x,Z;0, 1) —Ey, :(Z) (=Q(0:-1/0:-1))
Eg In f(x,Z;0;) — Eg,0:(Z) (= Q(6:]6:-1))
< Inf(x;6;) (2.61)

IN

It remains an art to choose the convenient latent variables so that it is always
easy, usually in the sense that first order conditions are solvable, to obtain the minor’s
maximiser for the M-step. Apart from analytical and graphical explanation of how
EM algorithm works, excellent alternative statistical intuition can be found in |Do

and Batzoglou| (2008))
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Chapter 3

Multinomial Maximum Likelihood

Estimation

In this chapter, I will propose a statistical model for generating class frequency data
and construct the corresponding likelihood function. If the underlying distribution
belongs to exponential family or can be mixed from exponential family then recursive
formulas for MLE estimator are derivable. Otherwise, numerical optimisation is our
last resort. Despite using simple and natural ideas, the involved computations are
heavy and have to be performed on computer. The techniques developed in this
chapter are separated from the rest of the thesis; therefore, readers are advised to

skim the chapter when fully grasping the main line of development.

3.1 Statistical Model for Class Frequency Data

A government agency has the task of summarising individual income data by class
frequency method. Suppose there are K income classes: [to,t1), [t1,t2), .-, [txk—1,1K),
where tyg = 0,tx = oo and t; < t;4; for all j. Exact individual incomes 73, Zs, ..., Z,
are independently and identically distributed with a continuous distribution ;7 (+,00)
but true parameter vector @, is unknown. Not only that, the variables 71, Zs, ... Z,

are latent (hidden) VariablesE] to an external observer, who can only realise Ny, Ns, ..., Nk

!Latent variables is conventionally denoted by Z in EM literature, so I use Z instead of Y’
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of how many people whose income are within each interval. The probability of an indi-
vidual whose earnings is in the 5™ income class [t;_1,;) is p; = I%(tj; 0) —Z:;(tj_l; 6).
and the vector of count data N = (N, N, ..., Ni) is randomly distributed according
to Multinomial distribution with vector of probabilities p = (p1,p2,...,px). The

model can be summarised as follows:

w
—_

K income intervals [to,tl), [tl,tg), ceey [tK—lytK>7 ty = O,tK =0

Exact incomes Z7,,7,,...,7Z, u F(-;60)

w
)

~~ o~~~ o~~~
w
w

~ —  — Y ~—

Probabilities Vector p(0) = (p1(0),p2(0),...,px(0))
p](H) = F(t],g) — F(tjfl; 0), j = 1, 2, LK

w
=~

Multinomial Counts N = (N, Ny, ..., Ng) ~ Mult(n, p(6y))

w
ot

The likelihood function and log-likelihood function are:

n!

L(O;ny,...ng) = - p1(0)" p2(0)™2... pi (0)"F (3.6)

n!

nl'ng'

1(O;nq,...,nk) :ln( ) +n1Inpi(0) + ... + nx Inpk(0) (3.7)

n1!n2!...nK!

Our objective is to find the maximiser  for the log-likelihood function given
the realised count data n = (ny,ns,...,ng). 6 is known as the maximum likelihood

estimator for 6.

3.2 EM Algorithm: Exponential Family

Some well-known members of Exponential Family includes exponential distribu-
tion, Log-normal distribution, Gamma distribution. In this section, we apply EM
algorithm to produce recursive procedures for estimating the underlying distribution
using class frequency data. Then we formulate a general estimation approach for
natural exponential family, and exponential family.

Suppose the PDF and CDF for the underlying income distribution are ;‘(, 0o),

o

F(+;0y), respectively. There are K income ranges, whose bounds in ascending order
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are

0= to,tl,tg, "'7tK—]_7tK = 0

In particular, the j™ income range is [t;_1, ;). We twist the data generating process
in the previous section slightly, by introducing the label variable X that takes value
X = j whenever individual random income is in the j*® class interval (ie. Z €

[t;—1,t;)). The modified model is presented as follows:

K income intervals [to,11), [t1,t2),. .., [tk—1,tK), to = 0,tx =00 (3.8
Exact incomes 7, Z,..., 2y ~ F(;60) (3.9
Probabilities Vector p(0) = (p1(0),p2(0),...,px(0)) 3.10

w
—_
—_
~— ~— ~— Y~ ~—  ~—  ~—~

(

(
Deterministic Labelling X = jwhenever Z; € [t;_1,t;), j=1,2,... K (3.

(

(

3.12

P(X = J) = p;(60) 3.13

Multinomial Counts N = (N, Ny, ..., Ng) ~ Mult(n,p(6y)) 3.14
N

Ni=) Iix—p j=12,...K (3.15)
j=1

The corresponding log-likelihood function for the adjusted model still resembles
expression [3.7 Direct maximisation of this log-likelihood function is hard and time-
consuming. And to simplify the computation, we augment the likelihood function
with a vector of latent variables Z = (21, Z, ..., Z,). Let c¢(x, z) be the compatibility
function that takes 1 if x and z are compatible: X =k, Z € [ty_1,1t;) for some k (0
otherwise). Denote the joint compatibility function as C(x,z) = ¢(x1, z1) . .. c(zp, 2)
which takes 1 if x and z are pointwise compatible (and 0 otherwise). Complete-data

log-likelihood function is:
In f°(x,2;0) Zlnf 2i;0) + InC(x, z) (3.16)

To complete the E-step, the conditional distribution of Z|X are required. By iid
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assumption, Z;|X;, i = 1,2,...n are conditionally independent. Therefore, what we
need is determining the conditional distribution of X;|Z;, which is easily shown to be

a truncated distribution:

o

Z,L’AXPZ =k~ f[tkfl,tk)(.; 00), 1= 17 2, ... n (317)
To implement the EM algorithm, suppose that 8,_; is the current guess for 8y, and
put

o

9i-1(z) = f%|X(Z|X; 0, 1) = H fZi\Xi(zi|J7i; 0: 1) (3.18)
i=1
The expected complete-data log-likelihood (minor) in the E-step is then:
Q(616:-1) = E,,_, In [*(x. Z; 0) (3.19)
The remaining task to be done (M-step) is to find the next guess:
0, = argmax Q(0]0;_,) (3.20)
0

The striking fact is if the underlying distribution is from exponential family, then
the E-step provides closed-form expression for the minor, and the M-step provides
closed-form iterative equations for the next guess. Illustrations are made for Expo-
nential, Pareto, Log-Normal, and Gamma distributions, finally culminating in the

universal approach for natural exponential family and general exponential family.

Exponential Distribution

Exponential distribution is often used in queuing theory to model service time of
agent. In the inequality context, despite poor descriptive power of income distribu-
tion, estimated rate \ serves as a simple check whether the income distribution shifts
to the right overtime. Suppose the underlying income distribution is Expo()). For

z € [0, 00), the exponential distribution PDF and CDF are:
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Flz: ) = Ae (3.21)

F(z;\)=1—e™ (3.22)

Conditional distribution of Z given X = k has a truncated distribution on interval

ty_1,tx with density functionﬂ

° e M
frlz:A) = s vrmp Tt € [tr_1,tr) (3.23)
Complete data log-likelihood function is:
In f9(x,2;\) =nln A — A Z zi +1InC(x,2) (3.24)
i=1

Therefore, to accomplish E-step, we need:

A
ek 1(tk —tkfl)
e>\tk—1 _ e)\tk

1
E(Z|X =k\) = <~ +tp_1 +

X (3.25)

Algorithm 3.2.1 (EM algorithm for exponential distribution).

1. E-Step: Given the current guess \;_j, propose Z;|X; = k ~ Expoy, , ;,,(Ai-1)

where ¢ = 1,...n, for data completion, and the minor is given by:

QA Mi-1) =nn XA = AE() | Zi|X = x; A1) (3.26)
=1
=n(In\— A1) (3.27)
where:
1 n
Ay =~ Zl E(Zi|X; = xi; M) (3.28)

2When defining the density function restricted to an interval, the function implicitly takes value
0 outside.
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2. M-Step: By solving %Q(/\|/\t—1) = 0, the next guess is given by

1

A =
AL

3. Terminating condition: Terminate the algorithm if Ay — Ar_1| < € (alter-

natively [I[(Ar;x) — [(Ar—1;X)| < €) for a chosen tolerance e.

Pareto Distribution

Consider z,, as a fixed known parameter. Suppose the underlying income distribution

is P(a, z,,) where the PDF and CDF are:

° azs,

flza) = 5, 222 (3.29)

F(za) = 1—<Z—m> , 22> Zm (3.30)
z

Conditional distribution of Z given X = k has a truncated distribution on interval

[tk—1, tx) with density function:

a a+1
° azl /z

zia) = , 2 € |tp_1,t 3.31
fk( ) (Zm/tk—l)a _ (Zm/tk)a [ k-1 k] ( )
Complete data log-likelihood function is:

In f(x,z;a) =nlna+nalnz, — (a+1) Zlnzi +InC(x,2) (3.32)

i=1
Therefore, to accomplish E-step, we need:

2z, (6% (alog (tg—1) +1) — % (alog (tx) + 1))

oo ) — G0 (3.33)

E(nZ|X = k) =

Algorithm 3.2.2 (EM algorithm for Pareto distribution).

1. E-Step: Given the current guess a1, propose Z;|X; = k ~ P, | 1)(as—1, 2m)
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where 1 = 1,...n, for data completion, and the minor is given by:

Q(alai—1) =nlna+nalnz, — (a + 1)E (Z InZ;| X = x; at_1> (3.34)

=1

=n(lna+alnz, —(a+1)L;4] (3.35)

where:

1 n
L, | = - Zl E(ln Z|X; = x;; ai_1) (3.36)

2. M-Step: Solving the First order condition, the next guess is given by:

1

Ly —Inz,

(3.37)

ay =

3. Terminating condition: Terminate the algorithm if |ar — ar_1| < € (alterna-

tively |l(ar;x) — l(ar—1;x)| < €) for a chosen tolerance €

Log-Normal Distribution

Suppose the underlying income distribution is LN(u,0?). For z € [0,00) the Log-
normal distribution PDF and CDF are:

}(z; p,0?) = \/21_7m exp (%(lnz — u)2>§ (3.38)
%(z;,u, 0?) = lerfc (uog(z)> (3.39)
2 20

Conditional distribution of Z given X = k has a truncated distribution on interval

[tk—1, tx) with density function:
;[‘ (Z ,u 02) o 217rcr eXp (%(lnz o “)2)%
k s MUy -

%Erfc <—“7§;’“> — %Erfc (—“fg’;”) 7

S [tk—htkz] (340)
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Complete data log-likelihood function is:

n n 2

¢ ) 2y _ " n 2 1 2, (M ny
In f6(x,2; u,0°) = —5111271'—51110' —w;(lnzi) +(02—1);lnzi—w+ln0(x,z)
(3.41)

Therefore, to accomplish E-step, we need:
2/
E(lnZ|X = k;p,0%) = 3.42
(In Z| 1, 07) " (,uflog(tk,l)) s (uqog(tk)) X (3.42)
V20 V20

T u — log (tx) s log?(ty) 4 \/? p—log (tg—1) _ (p—tog(tg—1))?
— _ te o2 — /= f — o2
[\/guerf< 3o > +oti e 2 5 HeT V3o oe 2

2/m

(erte (AoBlem)) — exfe (=gl )) .

2 log? (t),)+4” — log (t L
e 202 (\/ 2T (,u2 + 02) e e erf <M\;2g(k)> + QUtIgz (log (tx) + ,LL)) -
o
1 _log?(tk—1)+n?

log? (t)_1)+n? —log (ti._ o
g (Van (o) et (B i (g (1) + 0 )|
g

E((In2)*|X = k;p,0°) =

(3.43)

Algorithm 3.2.3 (EM algorithm for Log-Normal Distribution). .

1. E-Step: Given the current guess p;_1,02 ;, propose conditional distribution

Z;|X; =k ~ LNy, 1) (fu—1,07_1) where i = 1,...n, for data completion:

n

LB (0 221X = x:0,1)

2 n 2
1)=——=1 -
Q(,U,,O‘ |0t 1) 9 no 2%

i=1
n 2
K . T

+(5 - 1)E(;1nziyx =x:6-1) ~ 55

-1 A1 pBig 1
=N <2 In 02 - 952 + o2 - Bt—l - 20_2 (344)

where:
1 n
A= n Zl E(lln Zi)2|Xi =14;0; 1) (3.45)
1 n

Bt,1 = ﬁ ‘_E 1 E(h’l Z,L’Xl = Ty, 0{/,1) (346)
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2. M-Step: The next guess is given by
pe = B

2 _ 2

3. Terminating condition: Terminate the algorithm if ||(p7, 02)—(ur—1,0%_)|| <

¢ (alternatively |I[(ur,o0%;x) — l(pur_1,0%_;;x)| < €) for a chosen tolerance €

Gamma Distribution

Suppose the underlying income distribution is Gamma(a, ). For z € [0,00), the

Gamma distribution PDF and CDF are:

f(za,\) :% (3.47)
F(zia,\) = Q(a,0,2) (3.48)

Conditional distribution of Z given X = k has a truncated distribution on interval
[tk—1, tx) with density function:

° AazaflefAz

fr(zia,\) = T(@) (Q(a.0. 1) — Qa0 M)’ 2 € [tp_1,t) (3.49)

Complete data log-likelihood function is:

In f¢(x,2;a,\) =naln A —nlnT'(a) — )\Z zi+ (a—1) Zln zi +InC(x,2) (3.50)
i=1 i=1

Therefore, to accomplish E-step, we need:

AT (Mg—1) 7T (a + 1, Mg—1) — ¢ (M) T (a + 1, My,)]

E(Z|X = k;a,)) = T(a) (Q (4,0, Mx) — Q (a, 0, A1)

(3.51)
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AE_oFs (a,a;a+ 1,a 4+ 1; —Atg—
BE(InZ|X = k;a,\) = | =22 2 k1)

a?T'(a)
AN o Fy (a,a;a+ 1,0+ 1; —At) N Aty log (tk—1) (Atg—1) ~T" (@, Mtp—1)
a?T(a) ['(a)
)\at% log (tk) ()‘tk) —r (a7 )\tk) aga —a aza —a
F(a) + A 5% log (tk) ()\tk) - A th_1 log (tk—l) (Atk—l) X
1

(3.52)

Q <a7 07 )‘tk) - Q (CL, 07 Atk*l)

Algorithm 3.2.4 (EM algorithm for Gamma distribution).

1. E-Step: Given the current guess a; 1, \;—1, propose conditional distribution
Zi| X; = k ~ Gammay, , 4,)(as—1, \—1) where i = 1,...n, for data completion,

and the minor is given by:

Q(a,A;0¢_1) =naln A —nlnl(a) — /\E(Z ZilX =x;0,_1)

=1
+(a—-DE) I Z|X =x;6, 1) (3.53)
=1
=n(aln XA —InT(a) — A¢_1 + (a — 1)B;_1) (3.54)
where:

1 n
Ay =~ Z_; E(Zi|X; = 23 M) (3.55)

1 n
Btpzﬁzgmm2¢&:xﬁ&l) (3.56)

2. M-Step: Solving the first order condition, the next guess is given implicitly by

In )\t — w(at) + Bt—l =0 (357)
%A = 0 (3.58)
A



Put v(z) = Inx — ¢(x), then the bijective function v : (0,00) — (0,00) is
a strictly decreasing function, exhibiting the inverse function v~ : (0,00) —
(0,00). This simple looking function is well-bahaved and have many nice prop-
erties. However, I can not find any reference for it, so I name it v for “no

name”. With the new function on hand, the direct solution for the system of

equations (3.57 and [3.58)) is:

Ay = Vﬁl(ln At,1 - Btfl) (359)
“(InA,_; — B,_
o= WA = B (3.60)
Ay

3. Terminating condition: Terminate the algorithm if || (ar, A\r)—(ar—1, Ar—1]| <

e (alternatively |l(ar, Ar; x) — l(ar—1, Ar—1;%)| < €) for a chosen tolerance €

Natural Exponential Family

Suppose the underlying distribution is from Natural exponential family, its PDF and

CDF:

d
J(:8) = c(6)exp (Z Tj<z>ej) h(2) (3.61)

FO’(Z; 0) = have expression (3.62)

Conditional distribution of Z given X = k has a truncated distribution on interval

[tk—1, tx) with density function:

. O ew (SIL T()0) h(2)
fk(z) = o o , 2 E [tkflvtk) (363>
F(t4:0) = F(t-1:0)

Complete data log-likelihood function is given by

d n n
In f¢(x,2z;\) = nlnc(0) + Zej (Z T](zz)> + Zln h(z)+InC(x,z) (3.64)

=1
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To accomplish E-step, we use lemma telling that a truncated exponential family
is still exponential family, and lemma telling how to compute expectation of

sufficient statistics associated with exponential family:

_Volel0)/(F(14:0) ~ F(11;0) (3.65)
c(8)/(F(t1;0) — F(t,_.:8))

E(T(Z)|X = k;6) =

Algorithm 3.2.5 (EM algorithm for natural exponential family). 1. E-Step: Given
the current guess 6;_;, propose Z;|X; = k ~ NEp, , +,)(6:—1) where i = 1,...n,

for data completion, and the minor is given by:

Q(0|6,_1) =nlnc(8) + Ze B <ZT DX =x;6,_ 1) (3.66)
<lnc +Ze Aj 1) (3.67)

where:
1 :
Ajyr =~ > EB(TH(Z)|Xi = 2::0,1), j=12,...d (3.68)

=1

2. M-Step: The next guess 6, is given implicitly by

A
Vel6) A1
C\U¢ .
= : 3.69
0 (3.69)
Am 1,t—1
L Am,t—l ]

3. Terminating condition: Terminate the algorithm if |67 — 07_1] < € for a

chosen tolerance €. Alternative, terminate if |I(07;x) — [(O7_1;X)| < €.
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General Exponential Family

Suppose the underlying distribution is from exponential family. Its PDF and CDF

are:
f(z:0) = c®)exp (Z 7}»<z>m<0>> h(z) (3.70)
F(z;0) = either have expression or not (3.71)

Let o< denote proportionality. Conditional distribution of Z given X = k has a

truncated distribution on interval [t;_1,%;) with density function proportional to:

Fule) ocexp (Z 7}(2)%(9)) h(z). 2 € fror, i) (3.72)

Complete data log-likelihood function is given by

In f¢(x,2;\) =nlnc(0) + an(e) (ZTAZJ) + Z Inh(z;) +InC(x,z) (3.73)

To accomplish E-step, we use numerical integration to obtain the normalising constant
for the truncated density in expression and m integrals to compute expectation

of m sufficient statistics:
E(T(Z)|X = k;0) = numerical integration (3.74)

Algorithm 3.2.6 (EM algorithm for natural exponential family). .

1. E-Step: Given the current guess 6;_;, propose Z;|X; = k ~ NEy, | +(60¢+-1)

where ¢ = 1,...n, for data completion, and the minor is given by:
j=1 i=1
=n (ln 0(9) —f- Z nj(e)Aj,t—1>
j=1
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where:

n

1 .
Ajer =~ S B(T(Z)|Xi = 2i:0i1), j=1,2,...m (3.75)

i=1

2. M-Step: The next guess 6, is given implicitly by the first order condition:

Ve(6,) B e
0] ; Vi, (0)A; -1 (3.76)

Cc

3. Terminating condition: Terminate the algorithm if ||@7 — 07 _1| < € for a

chosen tolerance e. Alternatively, terminate if |I(07;%x) — [(07-1;X)| < €.

3.3 EM Algorithm: Mixture Model from Expo-

nential Family

A more sophisticated way in modelling income distribution is using mixture models,
especially when the data indicate bimodal or multimodal behaviours. In this section,
we will explore the use of EM algorithm in constructing recursive maximum likelihood
estimator for the mixture of two distributions from exponential family using class
frequency data. The extension to the mixture of more than two distributions is

straightforward.

Log-Normal and Pareto

Lubrano and Ndoye| (2016]) argued neither Pareto nor Log-normal is adequate in
describing wealth and income distribution. One of his finding is the distribution is
better explained by a mixture between Pareto and Log-Normal. In the paper, the
authors ran the model on income microdata, and estimated the size distribution of
income by a mixture of two Log-normal distributions. With class frequency data,

I will show the recursive procedure for MLE is feasible. First, the data generating
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process for mixture model is:

Branching D, D,,...,D, w Bern(p)

Pareto Branch Z;|D; =0 Zrz\‘j P(a, z,) fixed 7y,

W w
NN |
S

Log-Normal Branch Z;|D; =1 b LN(u,0?)

~~ o~
©w
~J
Ne)

~—  ~— ~— =

@
o
S

Deterministic Labelling X; = m(Z;)
It is easy to verify that Z; is independently and identically distributed with a mixed

density function:

o

(25 po 10,02 0) = (1= p) folz:a) + pfs (2 1, 02) (3.81)

where f, and f, are density functions of Pareto and Log-normal distribution defined
in equation and equation [3.38] To shorten the notation, set 8 = (p, a, u, o) as

the set of parameters. Complete-data likelihood function is:

X z, d 0 Hp d1,0 Zl|dl, ) (J}i,Zi,di)

o i —d; —1 & Z?nin o
:f[pdl(l—p)1 i <\/%UZ < 5(Inz; — ,u)2>> <az‘.1+1> c(xi, zi,di)  (3.82)

=1 %

The complete data log-likelihood function is:

In f°(x,2,d;0) = (Zd)lnp+(n—2d>ln1— —iln(er)(Zn:dZ)

=1

- %1}&02 (g di) — (; d; lnzi> ~ 5,2 <§ di(In z; — ,u)2>

+ (n - En:dz> Ina + (’n — En:dz> aln Zpyin
i=1 i=1

—(a+1) Z(l —d;)In zi> + C(x,2z,d) (3.83)

=1
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Conditional distribution of latent variables Z, D can be derived using Bayes Rule,

and the result are summarised below:

p(F1(ty; 0) — Fi(tx—1;0)) >
D|X =k;0 ~ Bern 3.84
| e e B e iy ) JELU
Z|X =k,D = 0;0 ~ Paretoy, ,,y(a) (3.85)
Z|X =k,D =16 ~LNp, 4 (1,07 (3.86)

The conditional distributions specified above, together with formula |3.42} |3.43] [3.33

allow us to complete the E-step.
Algorithm 3.3.1 (EM algorithm for Lognormal-Pareto mixture model). .

1. E-Step: Given the current guess 6; 1 = (ps_1,as_1, jt_1,0+ ), Propose W,
3.85 for data completion. The minor is then given by:

1 1
EQ(@ a, W, 0_2’01?—1) = gEt—l{ln fc<X7 Z7 D7 0)}

1
=S 1lnp+In(1—p)—Si—1In(1—p)— B In (27)S;—1

2

LNy,

1 1 "
— —Ino®Si 1 — Ny — —My 1+ SNy_y —
2H05t1 =17 53 t1+02 =17 53

+1lna—Si—1Ilna+ aln (zmin) — Si—1a1n (Zmin)

—(a+1)Li—1 + (a+1)Niy (3.87)
where
1 n
Sia=—F <; Di|X =x; 9“) (3.88)
1 n
My =B < Di(In Z;)*|X = x; ot_1> (3.89)
=1
1 n
Nioy=-F <Z; D;iln Z;|X = x; ot_1> (3.90)
1 n
Lia=-F <Z;ln Zi|X = x; 9“) (3.91)



2. M-Step: Solving First order condition, the next improved guess is given by:

pr = Si—1 (3.92)
U L~ N 1—_1n5(t2rim)(1 — St-1) (3.93)
e = g]ttll (3.94)
of = Aét__ll - ];tf_ll (3.95)

3. Terminating condition: Terminate the algorithm if ||@; — @7_41] < € for a

chosen tolerance e. Alternative, terminate if [[(67;x) — (07-1;%)| < €.

Double Gamma

A gamma mixture with two or three components is proposed by |Chotikapanich and
Griffiths (2008)) to estimate the size distribution of Canadian incomes using microdata.
In their paper, the authors used a Bayesian procedure for estimation with slightly
informative priors. The following procedure I lay out here is a MLE substitute for
their proposed estimation technique using class frequency data instead. First, we
specify the data generating process:

Branching D, D,,...,D, “ Bern(p)

Gamma Branch Z;|D; =0 % Gamma(ao, Ao)
Gamma Branch Z7;|D; =1 w Gamma(a, A1)

Deterministic Labelling X, = m(Z;) (3.96)
It is easy to verify that Z; is independently and identically distributed with a mixed
density function:

[e) o

f(Z’pa a07)‘07a17 )\1) = (]' - p)fO(Zﬂ ap, >‘0) + pfl(z;ala )\1) <397)

where f, and f, are density functions of Gamma distribution defined in |3.47 To

shorten the notation, set @ = (p,ag, Ao, a1, A1) as the vector of parameters. The
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complete-data likelihood function is:

(x,2,d;6) Hp (di: 0) f (:]ds; 0)c(wi, 21, d;)
d; 1-d;
n )\a1zq1—16—)\121 v )\aozqo—le—)\oz1 ‘
d; 1—d; 1 0
- i(1— ) B N ) N M (x4, 24, d; 3.98

The complete data log-likelihood function is:

In f°(x,z,d;6) (Zd)lnp—i—(n—Zd)ln (1—p —(Zn:di)lnf(al)
+ (Zd)alln/\l—i— a; — 1) (Zd lnzz> Y (Zdzz>

=1

— (n—zn:dZ) InT(ag) + (n—Zd)aoln)\o—i- ap—1) (Zlnzl>

=1

—(ap—1) (Zd lnzl> — o (2;,2) +Xo <Zdzl>

+ C(x,z,d) (3.99)

Conditional distribution of latent variables Z, D can be derived using Bayes Rule,

and the result are summarised below:

p(Fi(ty; 0) — Fi(tr—1;0)) >
D|X =k;0 ~ Bern 3.100
| e e e ey e )
Z|X =k,D = 0;0 ~ Gammay, | (a0, \o) (3.101)
Z|X =k, D =1;0 ~ Gammay, 4 (a1,A1) (3.102)

The conditional distributions specified above together with formula in [3.51]

allow us to complete the E-step

Algorithm 3.3.2 (EM algorithm for double Gamma mixture model).

1. E-Step: Given the current guess 6,1 = (pr—1,a04—1, Not—1, @1t—1, A1¢—1), Pro-

pose conditional distributions|3.100}, [3.101} [3.102| for data completion, the minor
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for log-likelihood function at 6;_; is:
1 1
EQ(p, ap, No, a1, A1|0i—1) = EEt,l{ln f4(x,Z,D;0)}
=S 1lnp+(1—-5S-1)In(1—-p)—S;—1InT(ay)
+ Si—1a1ln Ay + (a1 — )Ny — M Py
— (1 =Si—1)InT(ag) + (1 = Si—1)apInNg + (ap — 1)Ly—y

— (CLO - 1)Nt_1 - )\0‘/;&—1 + )\OPt—l (3103)
where

1 n
Si—1 = HE ZDZ-\X =X; Ht_1> (3.104)

i=1

Nt,1 = %E <i Dz In ZZ‘X = X 9,51) (3105)

1 n

Ly = EE ; In ZZ"X = X; 91&—1) (3.106)
1 n

b= B ;DiZiX = X; 9t—1> (3.107)
1 n

Viei = EE <Z Zi| X = x; 9t—1> (3.108)
=1

. M-Step: Solving First order condition, the next improved guess is given by:

pe =S (3.109)
agy = vt (m (thl__sil) — Ltll__sfvt11> (3.110)
Xot = a“)/z(ll__g;ll) (3.111)
ay; = v (m (Z_i) - g[:_ll) (3.112)
Mg = al}f_,ftl‘l (3.113)

. Terminating condition: Terminate the algorithm if ||@7 — O7_4|| < € for a

chosen tolerance €. Alternatively, terminate if |[(01;x) — [(O7-1;X)| < €.
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Double Log-Normal

Lubrano and Ndoye (2016]) employed the Bayesian approach using a mixture of Log-
Normal distributions for UK income microdata. The author argued the mixture of
Log-Normal distributions is a powerful descriptive model for the UK income distribu-
tion. The following procedure I lay out here is a MLE substitute for their proposed
estimation technique using class frequency data instead. First, we specify the data

generating process for the mixture model of income:

Branching D, D,,...,D, w Bern(p)

Log-Normal Branch Z;|D; =0 o LN (19, 03)

Log-Normal Branch  Z|D; = 1 % LN(uy, 02)

Deterministic Labelling X; = m(Z;) (3.114)
It is easy to verify that Z; is independently and identically distributed with a mixed

density function:

o

F(zi,0%,a) = (1= p) folzi 10, 03) + o1 (5 1, 07) (3.115)

where f, and f, are density functions of Log-Normal distribution defined in |3.38|

To shorten the notation, set @ = (p,a,u,0?) as the set of parameters. The

complete-data likelihood function is:

fe(x,z,d;0)

Zl|d’ba ) (x’mzladz)

(e ()

~(Inz — u0)2> ) o c(xi, zi, d;) (3.116)

Lo
[0~

ex
(\/2770021 p( 205

By taking the logarithm of the above expression, we obtain the complete-data

log-likelihood function as follows:
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)

In f¢(x,2z,d;0) = (

- di) Inp+ (n—idi) In(l—p)— %ID(QTF) (idl>
=1

i=1 i=1

1 n n 1 n
- 511’10’% (Z di> — <Z d; lnzi> — ﬁ (Z di(In z; — M1)2>
i=1 i=1 i=1
1 = 1 = 5
—5 n—Zdi 1n(27r)—§ n—Zdi Inoj
i=1 i=1

n

_ ;(1 —d;)Inz — 2;% (Z(l —d;)(In z; — M0)2> + C(x,2,d) (3.117)

=1

Conditional distribution of latent variables Z, D can be derived using Bayes Rule,

and the result are summarised below:

p(Fi(ty;0) — Fi(tr—1;0)) >
D|X =k;0 ~ Bern
| <P(F1(tk:; 0) — Fi(tg—1;0)) + (1 — p)(Fo(tr; 0) — Fo(tk—1;0))
(3.118)
Z|X =k,D =0;6 ~ LNy, _, 1, (1o, 05) (3.119)
Z|X =k,D =1;6 ~ LNy, _, 4, (u1,07) (3.120)

The conditional distributions specified above together with formulas in [3.42 and

allow us to complete the E-step

Algorithm 3.3.3 (EM algorithm for double log-normal mixture model). .

1. E-Step: Given the current guess 8,y = (p1—1, flo4—1, 0441, [h1,6-1,014_1), PIO-

pose [3.118] [3.119} [3.120] for data completion. The minor is given by:

1 1
EQ(p7 Ko, 0-(%7 M, U%‘Ot—l) = EEt—l{ln fC(X’ 27 D’ 0)}

1
=S—1lnp+(1—-S—1)In(1l—p)— 5 In (27)

1 1 I i
——Ino?Sy 1 — Ny g — —sMy 1+ 5Ny — —L8,
5 MOSt-1 t—1 20%t1+0%t1 20%7&1
1 1
- = 1110'%(1 - St—l) - Lt—l + Nt—l — th_l
2 200
1 2
M+ B BN - Y- (3121)
204 o on 200
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where:

Sy = %E <Z: DiIX = x: aH) (3.122)

M, | = %E <ZD (In Z;)*|X = x; 0, 1) (3.123)
=1

Ny = %E <ZD InZi|X = x;6,_ 1) (3.124)
=1

Lo = %E <Zn:1n ZX = x; at_1> (3.125)
=1

Wi = %E <zn;(1n Z)2X = x; 9”) (3.126)

2. M-Step: Solving First order condition, the next improved guess is given by:

— S (3.127)
Jos = w (3.128)
ofy = Mot iy (e = Ny 3120
e = ];Z_ll (3.130)
0%, = ]g:‘ll - gfg_ll (3.131)

3. Terminating condition: Terminate the algorithm if ||@7 — @7_1|| < € for a

chosen tolerance e. Alternatively, terminate if |I(07;%x) — [(07-1;X)| < €.

The EM algorithm can be employed to find the maximum likelihood parameters of

a statistical model when it is difficult to solve these equation directly. Typically latent

variables are involved in these models apart from unknown parameters and known

data. If the underlying distribution used belongs to exponential family, then conver-

gence to global maximum is established by (Dempster, Laird and Rubin, 1977). Wu

(1983) confirms EM method’s convergence outside the realm of Exponential Fam-

There is still room for improvement by using a-EM algorithm introduced by

Matsuyama (2003), which shows faster convergence rate when the right « is chosen.
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Chapter 4

Quadratic Matching Estimation

In this chapter, I will construct a sequence of matching estimators, starting from
quantile matching, interquantile mean matching estimators to quantile interquantile
mean matching and proportion matching estimators, culminating in the development
of a unified estimator for three data types. The effort to exploit all data sources
is significant in practice when earnings data are summarised in different ways, and
using all the information can potentially lead to efficiency gain. The development
for each estimator is presented as follows: (1) fundamental asymptotic results, (2)

construction and statistical properties, (3) two-step estimator (4) hypothesis testing.

4.1 Method of Quantile Matching

One popular method of summarising income data is to report quantile values. For
instance, income levels at 10", 20", ..., 90" percentiles are available in income sur-
veys from many countries. In this section, we developed a parametric approach to
estimate parameters of a income distribution from quantile data. The method re-
peats arguments from Generalised Method of Moments (GMM) developed in [Hansen
(1982); [Hansen and Singleton! (1982); Hansen, Heaton and Yaron| (1996) by recognis-
ing similarity of moment conditions and asymptotic behaviour of sample quantiles.
Similar development of quantile matching method can be found in Dominicy and

Veredas| (2013); Sgouropoulos, Yao and Yastremiz| (2015).
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4.1.1 Statistical Model for Quantile data

A government agency has a job of collecting income data and summarising by
quantiles. Let Y7,Y5,...,Y, be the random income values collected by the agency,
independently and identically distributed from a distribution with CDF F(-; @) with
d-dimensional vector of parameters. For m € (0, 1), the 7'" quantile of F' is defined
as & = inf{y : F(y) > 7}, which is alternatively denoted by F~!(r). Corresponding
to a income sample Y1, Y3, ..., Y, of F(-;0), the sample 7** quantile is defined as the
p™ quantile of the empirical distribution Fn, denoted by é,r,n or éﬂ when convenient.
Increasing sequence of 7y, ms, ..., mx € (0,1) are fixed percentages points chosen by
the government before realising the random variables. An external observer can only

realise a vector of sample quantiles (fm,fm, e ,f,rK) reported by the agency.

We impose an assumption that the distribution function F(-;0) is strictly in-
creasing and differentiable with density function f(-; @). Despite telling a story about
income, the distribution support is not necessarily between [0, 00). Reader should
keep in mind that the support can be as general as (—oo,00). By making this as-
sumption, we are able to use F~1(7), Q(r), & interchangeably for 7® quantile. The
second assumption concerning a specific formula for sample quantile should be clar-
ified. In practice, there are various rules for obtaining sample quantile; however,
when sample size gets larger, the discrepancy between these rules become negligible.
Asymptotic results on quantiles remain valid regardless of different rules of computing
sample quantiles. It is thus fine to assume the agency use the rule defined previously.
The final assumption that is worth mentioning philosophically is iid assumption. In
practice, there is often a finite population that the agency can do random sampling
on. Therefore, the sample is iid with respect to the discrete distribution associated
with finite population. In order to make the analysis tractable, we have to posit
there is an underlying “nice, smooth” statistical distribution generating the income,
and our sample are iid with respect to that meta-distribution. This assumption is
in tune with the concept of population model in econometrics (Wooldridge, 2010,

p. 5). Even if there are micro-data for the whole population, we still consider them
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as random sample from some hypothetical statistical distributions.

It can be shown that é,r is a strongly consistent estimator of &, under mild con-
ditions. Moreover, under mild smoothness requirements on F' in the neighbour-
hoods of points &r,,&x,, ..., &, the vector of sample quantiles (éﬂl,fm,...,éﬂ()
is asymptotically normal. Intuitively, the matching approach require us to find
0c R?, so that the sample quantiles vector (ém , ém, e ,é,rK) is as close as possible to
(Q(my; é), Q(mo; 9), o Q(Tk; 9)) If d = K, we attempt to solve the system of equa-
tion with d unknowns and d equations, known as exact-identification. If d > K,
the problem of under-identification shows up, and it is impossible to estimate the
parameters. Finally and most importantly, in the case of over-identification K > d,

we have more equations than unknowns to solve, what estimation procedure should

we employ to make the most of the abundance of quantile conditions?

4.1.2 Quantile Matching Estimator
Fundamental Asymptotic Results of Sample Quantiles

Before introducing the method of quantile matching, we recall four important asymp-

totic results on sample quantiles in Serfling] (2009)).

Theorem 4.1.1 (Consistency of ér) Let m € (0,1). If true quantile &, is the unique

solution z to F(z—) <7 < F(x), then &, — &,, which implies &z 25 &,.
Proof. See [Serfling (2009, p. 75). O

Theorem 4.1.2 (Strong Consistency of &;). Let w € (0,1). If true quantile & is the

unique solution x to F(x—) <71 < F(x), then for every e > 0:

€

. 2
P <sup &nm — &x| > e) < pr,  foralln
m>n 1 1%
where p. = exp (—26?) and 6. = min{F (&, +¢€) —m,m — F(& —€)}

Proof. See Serfling| (2009, p. 76). O

73



Immediate consequence from either theorem or theorem is the sample
quantile converges to true quantile in probability. This consistency result inspires the

matching strategy of sample quantiles and true quantiles for parameters estimation.

Theorem 4.1.3 (Asymptotic Normality of &,). Let w € (0,1). Assume that there is
a density f around the neighbourhood of & and f(&:) > 0, then:

Villon — 6) % N (o, %) (4.1)

Proof. See [Serfling (2009, p. 77). O

Theorem 4.1.4 (Asymptotic Multivariate Normality of Quantiles). Let 0 < m <
Ty < ... < g < 1. Suppose that F has a density f in neighbourhoods of &y, Enyys ooy Enpe
and that f is positive and continuous at these quantiles. Then (ém,ém, ...,éﬂK) 18

asymptotically normal with mean vector (§x,, &nys -, Eny ) and covariance o;;/n where:

_ (1 —m;)

% e )

Proof. See Serfling| (2009, p. 80). O

Construction & Properties of Quantile Matching Estimator

The previous four theorems are the essential ingredients for the development of Quan-
tile Matching Estimator (QME), which repeats the construction of GMM estimator.

Define quantiles discrepancy vector as analogy for moment condition vector:

| éﬂhn - Q(ﬂ-l; 0)

Aﬁn— ;6
() — | S T 9O (12)

_érK,n - Q(WK; 0)

If K = d, the quantile matching estimator is defined as the parameter values
6 that sets ¢,(0) = 0 (quantile conditions). This is generally not possible when

there are more quantile conditions than parameters. To deal with excessive quantile
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conditions, for some K x K positive definite weighting matrix W, define objective
function:

Ju(8) = min g, (6) Wq,(6) (4.3)

This is a nonegative objective function generalising the notion of Euclidean length of
quantile discrepancy vector. For example, if W = I, then J,(0) = ||¢.(8)||? coincide
with Euclidean length. Typically, the objective function can assign different weights
to different square discrepancy entries, and there are interaction terms between entries

as well. QME estimator is the minimiser of .J,,(6):

Oon e = argmin J,(0) (4.4)
(4

If K = d, then there is 6 such that the quantile conditions ¢,(6) = 0. The QME
does not depend on the weighting matrix w. Except for quantile functions associated
with uniform family, the objective function defined in equation is highly nonlinear

and an optimisation routine is needed to solve for the maximiser.

I want to clarify the notation before use to avoid readers’ conflicts in convention.
Function J, : R? — R, has gradient V.J, : R? — R? and Hessian V2J, : R? — R4,
Moreover, function ¢, : RY — R¥ has Jacobian Vg, : R? — RX*? and Jacobian

tranpose V7'¢q, : R? — R™X | The gradient and Hessian of .J,, are:

VJ,(0) = 2V7q,(0) W ¢,(0) (4.5)
V27,(0) = 2V 4, (0) W Vg, (0) +2M & W ¢,(6) (4.6)

where M is a mysterious term, representing the total derivative of matrix-valued

function Vg, : R? — RE*4 and the multiplication rule for this term is also not
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proper. Again, the Jacobian of discrepancy function ¢, (@) is non-stochastic:

_VTQ(m; 0)
VIQ(7y;0)

_VTQ(WK; 0)

and so is the M term. Denote A(0) = —Vg,(0) and called discrete A-matrix from
now on. In proving consistency and asymptotic normality of QME, there is no need
to invoke central limit theorem as in the case of GMM to show the M term and Vg,
stabilises. The next two theorems shows consistency and asymptotic normality of

QME using Taylor expansion with a regularity condition.

Assumption 4.1.5 (No Multicollinearity). A = —Vg,(6o) has independent columns

at true parameters 6y. Alternatively, A has no vector in the nullspace except 0.

This is a mild regularity condition since every well-known distributions satisfy
this assumption. We will implicitly assume this condition from now on. Readers are
encouraged to pause and think about the connection between this assumption and

the problem of multicolinearity in linear regression.

Theorem 4.1.6 (Consistency of QME). For any weighting matriz W with W 2 W,
the quantile matching estimator 0, = argmin J,(0) is consistent estimator of the

true parameters 6.

Proof. Fix € > 0, we wish to show P(||@, — 6| > ¢) — 0 as n — oo. For all
0 € C.(6y) (hypersphere surface of radius € about ), Taylor expansion of .J,, around

the true parameter 8, gives:
1
Jn(0) — J,(80) = VJ,.(00)F (6 — 6,) + 5(9 —00)"V?7,(00)(0 — 6y) + R, (4.8)

where R,, is random remainder term.
One should be aware that the function J, is a random function as it depends on iid

sample Y1, Y5, ..., Y, withdrawn from F(-;6). It is better to keep in mind J,(0) =
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J(0,Y) but I will drop the Y for simplicity. Equation can be rewritten as:

Ju(0) = Jo(80) = 24,,(80) "WV q,,(8) (8 — 60)
+ (6 — 60)"V"q,(00) W V. (60)(0 — 6y)
+(0—00)"M O W q,(00)(0 — 0y) + R, (4.9)

Since ¢,(6y) 2 0 by consistency of sample quantiles (theorem ) and W & W by

assumption and V¢, (0y) is a constant K x d matrix, Slutky’s theorem tells:

20, (00) "WV 4, (00)(8 — 09) £ 0 (4.10)
(0 — 60) "V (00) "WV (00)(0 — 0)) 2 (0 —0,)TATIW A — 6,) (4.11)
(0 —60,)"M O W ¢,(00)(8 — 8,) 20 (4.12)
R, ~ O(é) (4.13)

A has independent columns (assumption and W is positive definite, so ATW A
is guaranteed to be positive definite. Suppose € is fixed but small enough, then R,
is negligible. Therefore, on the surface of Cc(60y), the probability tend to 1 that
Jo(8) > J,(80). Tt is equivalent to P(||@ — Bg|| > €) — 0 as n — oo as desired. [

By theorem |4.1.4] we have v/ngq,(0o) 4, N(0, %) where:

U% 021 O1K
ag 0'2 ag
S=%0)=| = - (4.14)
2
_0K1 OK2 Ok |
and
oy = T ATy Tl (4.15)

f(Q(7s;00); 00) f(Q(7j; 60); 00)

Theorem 4.1.7 (Asymptotic Normality of QME). For any weighting matriz W with

W L W, the quantile matching estimator 0, = argmin J,(0) is asymptotically
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normal:

Vn(0, — 00) 5 N (0, (ATWA)TATWEW A(ATW A) )

where A = —Vq,(00) is discrete A-matriz at true parameters vector.

Proof. Using Taylor expansion at 8y we have:
VI, (0,) = V., (00) + V2J,.(00)(8, — 00) + O(||0,, — 6]1?) (4.16)
At quantile matching estimator 9,“ VJn(én) = 0 by first order condition:

0 =2V" 4, (00)W ¢, (00) + 2V 4, (80) W Vg, (80) (6., — 6y)
= —2AWq,(80) + 2ATW A(B,, — o) + 2M & W ¢,,(0)(0,, — 60) (4.17)

On the right hand side of the above equation, the first are of order O, (\%) and
the second term are of order o, (1) whereas the third term is of order o, (\%) due to

7n(00) ~ O, (\%) and 8, —60 ~ 0, (1) (theorem [4.1.3{and theorem [4.1.6)). Therefore:

V(6,, — 6o) = (A"WA) " AW /g, (80) + 0, (1) (4.18)

By assumption W £ W, and by invoking \/nq,(6) 4 N(0, X)) again (theorem (4.1.4

we eventually obtain the desired result. O]

The next theorem concerns about the most efficient weighting matrix

Theorem 4.1.8 (Optimal Weight of QME). If weighting matrix W L 21 then
V(0. — 09) L N0, (ATS 1 4)

and the covariance matriz is the lowest among all choices of weighting matrix. In other

words, the estimator corresponding to this weighting matrixz is the most efficient.

Proof. The first statement of normality is clear by using theorem with special

weighting matrix W = X1, In order to show the covariance matrix is the smallest,
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we show it is less than the covariance matrix associated with any weighting matrix

W in matrix sense. In fact:

Vo(W) — V(B = (ATWA) TATWEWA(ATWA) ™ — (ATn1A)!
—(ATW A)! (ATWEWA - ATWA(ATz—lA)—lATWA) (ATW A)~!
—(ATW A) AT R ([ - 2—1/2A(AT2—1A)—1AT2—1/2>21/2WA(ATWA)—1
(4.19)

where M = [-X712A(ATS 71 A) =1 ATE =12 is projection matrix onto the left nullspace
of ¥7Y2A. M is symmetric and M? = M, therefore the covariance difference matrix
can be expressed as LTL, proving the fact that it is at least positive semidefinite as

desired. O

Two Step Quantile Matching Estimator

To construct asymptotically efficient QME estimator, we need a weighting matrix
W that converges in probability to ¥~!. To achieve this consistency for weighting
matrix, we construct 1 as an estimate of 1. Given a preliminary weighting matrix

W, we construct QME estimator corresponding to W:

Jn(0) = mein 4n(8)"W ¢, (6) (4.20)
6 = argmin J,,(6) (4.21)
0

For any weighting matrix W7, theorem implies O is consistent. We compute
estimate for covariance matrix by equation [4.14} ¥ = %(8) and put W = %!, Then

it is clear that W 2 1. Now we are ready to conduct the second step:

Ja(6) = min 4 (0)TW ¢, (0) (4.22)
6 = argmin J,,(0) (4.23)
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Then one can show 8 constructed by two step estimation is consistent and asymptot-

ically most efficient.

Theorem 4.1.9 (Efficient Two-step QME). The two-step QME estimator 0 con-

structed above is consistent estimator of 8y and asymptotically normal:
V(0 = 6) & N(0, (ATS 1A
Proof. A direct application of theorem with weighting matrix W £ £, O

The result also show that the asymptotic behaviour of two-step estimator 0 does
not depend on the choice of preliminary weighting matrix W. In finite samples, 9,
will be affected by the choice of W. This undesirable dependency can be eliminated
by iterating the estimation sequence until convergence. This is called iterated QME
estimator. Another strategy called continuously-updated QME estimator can
be repeated in the same way as its counterpart in GMM, introduced in |[Hansen,
Heaton and Yaron (1996)). However, we will not adopt these advanced strategies in
this paper due to high computational cost. Instead we will use two-step estimator
with default preliminary weighting matrix W = I

After obtaining the two step estimator 9, the estimate for asymptotic covariance

matrix of v/n 0 is (ATS"1A)~! converging in probability to (ATY"*A)~! where:

V. (0) B A= —Vq,(6,) (4.24)

A
2 =%0) 5 % =%, (4.25)

Hypothesis Testing

The estimate of covariance matrix enables us to construct confidence intervals, con-
fidence ellipsoid, hypothesis testing of parameters, and even functions of parameters
(see Delta Method for how to construct asymptotic distribution of a function
of parameters). Because GMM and QME are parallel in mathematical structure, the

two theorems provided next are immediate.
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Theorem 4.1.10 (Sargan-Hansen Over-identification test). Under the hypothesis of
correct specification, and if the weighting matriz is asymptotically efficient (valid for
two step estimator) then:

Jn(é) = X%(—d
Proof. Adapted from Sargan (1958) and [Hansen (1982). O

Theorem 4.1.11 (Distance Test). Suppose function h : R — R with | < d is
continuously differentiable. We want to test null hypothesis h(6y) = 0. Using the

same weighting matriz, denote @ = arg min, J,(0) and 6 = argminJ,(0) and put
0

D = J,(0) — J,(8). Then the following statements hold: e
1. D>0
2. DL 2
3. if h s linear in @, then D coincides with Wald statistics.
Proof. Adapted from Hayashi (2000, p. 220). ]

Theorem 4.1.12 (Delta Method). g : R™ — R is a continuously differentiable func-
tion. Suppose the sequence of random vectors X,, in R™ s asymptotically multivariate

normal:

V(X — ) = N(0,%)

Then the sequence of transformed vectors g(X,) in R* is also asymptotically multi-

variate normal:

Vi(g(Xa) = g(n)) £ N(0, JEJT)
where J is the Jacobian of function g (size k X m), evaluated at .

Proof. See Kroese, Chan et al. (2014, p. 92). [

4.2 Method of Interquantile Mean Matching

Another popular method of summarising income data is reporting interquantile

means. For instance, income data are partitioned into 5 or 10 equal groups (called
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quintiles, or deciles) and the mean for each group is computed. In this section,
I developed a parametric approach to estimate parameters of income distribution
from interquantile mean data. The strategy again repeats arguments from Gener-
alised Method of Moment (GMM) by recognising similarity of moment conditions
and asymptotic behaviour of interquantile means. This section will be considerably

shorter since many proofs are omitted due to identical structure with previous section.

4.2.1 Statistical Model for Interquantile Mean Data

The story goes again: a government agency has a task of collecting income data
and summarising the information by several interquantile means. Let Y}, Y, ... Y,
be the random income values collected by the agency, independently and identically
distributed from a distribution with strictly increasing, differentiable CDF F(-; 6y).
Quantile and density functions are well defined, and depend on d-dimensional vector
of parameters 6. For py, ps € (0,1) with p; < pg, the (p1, p2)-interquantile mean of F
is defined as (refer to equation [2.4):

1
P2 — pP1

p(pr, p2; 0) = (Q*(p2;0) — Q" (p1;0))  (4.26)

P2 — pP1

/P2 Q(u; 0) du =
o1

which is sometimes denoted p(p1, po) if there is no ambiguity in notation. Followed
by the concept of interquantile mean, the notions of interquantile h-th moment, and
interquantile variance are apparent and self-explainatory. The (p1, p2)-interquantile

h-th moment is:

P2
W01, 0) = o [T QU0 = (@0 0) = QM (p1:6) (427

and for simplicity, we suppress the superscript when denoting interquantile mean.

The (py1, p2)-interquantile variance is:

a?(p1,p2;0) = 1 (p1, p2; 0) — ((py, p2; 0))° (4.28)

Corresponding to a income sample Y7, Ys, ..., Y, of F(-;80), the sample (py, p2)- in-
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terquantile mean is defined as:

[np2]

> Yia (4.29)

i=|np1|+1

fi(p1, pa2) = m
where Y1, < Y, < ... <Y, 1., <Y,., are orders statistics obtained by ranking the
sample Y7, Ys, ... Y, in increasing order. Increasing sequence of pg, p1, ..., px—1, PK €
(0,1) are fixed percentages points chosen by the government before realising the
income sample. As an external observer outside the agency, he or she can only realise
a vector of sample interquantile means (i(po, p1), it(p1, p2), - - -, f(pr—1, pr))-

It can be shown that, under mild regularity condition, fi(p1, p2) is a consistent esti-

mator of u(p1, p2) and the vector of sample interquantile means

(/]’(p(]?pl)? /]’(ppr)J R ﬂ(pK—lapK))

is asymptotically normal. Intuitively, the matching approach require us to find 0
R?, so that the sample interquantile means vector (/l(po, p1), (p1, p2), -y f(pr—1, pK))
is as close as possible to (p(po, p1;0), (p1, p2;0), ..., wlpx—1,pr;0)). If d = K, we
attempt to solve the system of equation with d unknowns and d equations, known
as exact-identification. If d > K, the problem of under-identification shows up,
and it is impossible to estimate the parameters. Finally and most importantly, in the
case of over-identification K > d, we have more equations than unknowns to solve,
what estimation procedure should we employ to make the most of the abundance of

interquantile mean conditions?

4.2.2 Interquantile Mean Matching Estimator

The matching strategy I present next is for distributions whose support is (0, 00)
and for non-overlapping interquantile ranges. However, the extensions to general
support and overlapping interquantile ranges are straightforward. We again begin the
development of new estimator by introducing necessary asymptotic theorems related

to sample interquantile mean.
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Fundamental Asymptotic Results of Sample Interquantile Means

An important statistic often seen in income report is sample interquantile mean. To
obtain this statistic, either the upper or lower portion of the sample are deleted and
the mean for the remaining sample is computed. [Stigler| (1973)) has obtained a general
asymptotic result for this statistic using advanced technique in asymptotic theory. I
will instead present an alternative elementary proof whose technique enables us to

prove several new asymptotic results essential for the development of a new estimator.

Theorem 4.2.1 (Stigler). Suppose 0 < p; < ps < 1, and M, = [i(p1,p2) is sample
interquantile mean associated with random iid sample of size n from distribution F(-).
F is strictly increasing, differentiable so quantile function Q) and density function f
is well-defined. Let ug = ju(p1, p2) and 0% = 0*(p1,p2) be the true interquantile mean
and interquantile variance defined previously. Then M, is a consistent estimator of

g and the asymptotic behaviour of M, is given by:

(M, — ) 5 N(0,02)  where
(p2 — p1)°0” = (p2 — p1)oy; + (Q(p1) — pu)’p1(1 — p1)

+ (Q(p2) — par)*p2(1 = p2) — 2(Q(p1) — 1) (Q(p2) — perr)pr (1 — p2)

Proof. (Alternative) The proof is based on the idea that as the sample size n goes
to infinity, the random continuum vector (ép,n)pe(o,l) is asymptotically continuum-
variate normal (take theorem to the extreme) with mean vector (&,)pe(o,1) and

covariance continuum matrix (op,q/1)pqe(0,1) Where:

/\ —
Oy = 41 (4.30)

f(Q(p) f(Q(q))

An alternative view to look at sample interquantile mean instead of using order

statistics (equation D is using quantiles. In fact, Y., = fl /n and:

[np2 |

M, = ———"7—¥— Z gz/n =

I‘anJ N npl i=|np1|+1

nd 4.31
P2 — 11 fp p ( )

84



The use of equal sign in equation is not entirely correct, and the full justification
is deferred to Appendix [A.2] In fact, there is a random “noise” that is inherent in
the equation. Because the noise is extremely small even with a magnification by a

factor of \/n, it can be safely regarded as 0.

Since (épm)pe(m) is asymptotically continuum-variate normal and integration is a

linear operator, M,, must be asymptotically normal with mean:

1 p2
dp = 4.32
) & dp = pin (4.32)
and variance:
1 /’”/m PAG—Pq

—_— dp dq 4.33
oo Jyy Sy FQUITQD) 3

By symmetry, the variance can be expressed as (2A — B)/(p; — p2)? where:

D2 D2 Pq

B = / / dp dq 4.34
o ) TQWQW@) 434

B P2 q p
A—Almf@@ﬁ@@)

The remaining task to be done is showing:

dp dq (4.35)

2A— B = (p2 —p1)oy; + (Qp1) — )’ (1 — p1)

+ (Q(p2) — prr)*p2(1 = p2) — 2(Q(p1) — 1) (Q(p2) — purr)pr (1 — p2)  (4.36)

How to show equation [4.36] is deferred to Appendix [A.3] completing the proof. [

Theorem 4.2.2 (Asymptotic Normality of Interquantile Means). Suppose 0 < p; <
pe < p3 < pg <1, and M,, = [(p1,p2), @n = [(ps,ps) are sample interquantile
means associated with itd sample of size n from continuously differentiable distribu-
tion function F. Let f and @) be the density function and quantile function. Then
\/H(Mn — u(p1,p2), Pn — u(pg,p4)) converges in distribution to a bivariate normal

random vectors, whose means are 0, variances are given in theorem and co-
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Variance w:

1

W= (ps — p1)(ps — p3) [(1 —p1)Q(ps) — (1 —p3)Q(ps) + (ps — p3),u(p3,p4)] X

[p2Q(p2) — P1Q(p1) — (P2 — 1) (1, p2)]

Proof. Recall that sample interquantile mean can be expressed as integral of sample

quantiles:
1 P 1 P

2 4.
Mn = gp,n dp7 Qn - gq,n dq (437)
P2 — D1 P1 Py — D3 p3

Using the fact that random vector (ép,n)pe(o,l) is asymptotically continuum-variate
normal (take theorem to the extreme) with mean vector (&,)pe(0,1) and covariance

continuum matrix (0, q/n)pqe(0,1) Where:

/\ .
__pAhg—pq (4.38)

7P QM) F(Q(q)

it must be the case that (M,, P,) is asymptotically bivariate normal with mean

(u(pl,pg), u(p3,p4)) and covariance w/n where:

_ 1 P2 (P4 p(l _ Q)
T ) o) /p1 /pg O Q) % (4.39)

It is not hard to show that this double integral yields the desired result. O

In the case of multiple sample interquantile means, the extension is straightfor-
ward. These statistics form a random vector that is asymptotically multivariate
normal whose means, variances and covariances are specified above. In the case of
overlapping interquantile ranges, the asymptotic covariance can be derived from two
previous theorems by breaking into non-overlapping ranges. The final remark is: if the
limits to 0 and 1 make sense, theorem |4.2.1|can be extended to the case p; = 0,py =1,
and theorem can be extended to the case p; = 0,py = 1. I hope your intuition

says these extensions are correct.
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Construction & Properties of Interquantile Mean Matching Estimator

The previous two theorems are elements necessary for the development of Interquan-
tile Mean Matching Estimator (IME), which repeats the construction of GMM esti-
mator. Here we develop an estimator specifically for non-overlapping interquantile
range; however, the extension to overlapping interquantile ranges are straightforward.
As an analogy for moment condition vector, we define interquantile means discrepancy

vector :
fin(po, p1) — 11(po, p1; @)

1 (8) = fin(p1, P2) —‘M(Pl,/b; 0) (4.40)

| fin(pre—1, prc) = 11(pr—1; pic; 6)

If K = d, the IME estimator is defined as the parameter values 6 that satisfies
m,(0) = 0 (interquantile mean conditions). This is generally not possible when there
are more quantile conditions than parameters. For some K x K positive definite

weighting matrix W, define objective function:
Ja(6) = min My (0) W, (6) (4.41)

This is a nonegative objective function generalising the notion of Euclidean length of
quantile discrepancy vector. For example, if W = I, then J,(8) = ||m,,(0)]|? coincide
with Euclidean length. Typically, the objective function can assign different weights
to different square discrepancy entries, and there are interaction terms between entries

as well. QME estimator is the minimiser of J,,(0):
Onp = argmin J,(0) (4.42)
0

Function J, : R? — R, has gradient V.J, : R — R? and Hessian V2J, : R? —

R4 Moreover, function m, : R? — RX has Jacobian Vm, : R — RX*4 and
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Jacobian tranpose VIm, : R¢ — R4 | The gradient and Hessian of .J,, are:

VJ,(0) = 2V, (0) W m, () (4.43)
V27,(0) = 2V m, () W Vm,(8) + 2M © W m, () (4.44)

where M is a mysterious term, representing the total derivative of matrix-valued
function Vm,, : R? — RE*4 and the multiplication rule for this term is also not
proper (denoted harmlessly by a circle with dot). We only need to know that all
entries of 2M © W m,,(6) contain at least an entry of m,(8) as a factor. One feature
in IME that I find easier than GMM is that the Jacobian of discrepancy function

m,(0) is no longer a random function:

Vo i(po, p1;0)

\V) , p2; 0
Vi, (0) = — OW)_I p2;6) (4.45)

_vgN(PK—h PK; 0)_

and so is the M term. Denote B(@) = —Vm,(0) and I shall call B as discrete

B-matrix from now on.

Assumption 4.2.3 (No Multicollinearity). B = —Vm,,(6,) has independent columns

at true parameters 8. Alternatively, B has no vector in the nullspace except 0.

This is a mild regularity condition because all well-known distributions satisfy this
assumption. We will implicitly assume this condition from now on without explicitly
state where it was used. With exactly the same arguments as QME theory, the next

several theorems in this section are immediate.

Theorem 4.2.4 (Consistency of IME). For any weighting matriz W with W 2 W,
the interquantile mean matching estimator 6,, = arg min Jn(0) is consistent estimator

of the true parameters 6.

Proof. Adapted from theorem [4.1.6] O
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By theorem {4.2.1{ and theorem |4.2.2, we have \/n m,,(0y) 4 N(0, ©2) where:

w% Wor - WK
w w2 .« o . w
Q=q@)=| = " (4.46)
WK1 W2 W

and the entries w?, w;; are supplied by these two theorems.

Theorem 4.2.5 (Asymptotic Normality of IME). For any weighting matriz W with

WL W, the quantile matching estimator 0, = argmin J,,(0) is asymptotically

normal:
Vn(0, — 60) % N (0,(BTWB) ' B"TWOW B(B"WB)™")
where B = —V'm,,(0y) is discrete B-matriz at true parameters vector.
Proof. Adapted from theorem [4.1.7] O

Theorem 4.2.6 (Optimal Weight of IME). If weighting matriz W2 QL then
V(0. — 00) % N0, (BTQ ' B)™ )

and the covariance matriz is the lowest among all choices of weighting matrix. In other

words, the estimator corresponding to this weighting matrixz is the most efficient.

Proof. Adapted from theorem [4.1.§] O

Two Step Interquantile Mean Matching Estimator

To construct asymptotically efficient IME estimator, we need a weighting matrix
W that converges in probability to Q7!. To achieve this consistency for weighting

matrix, we construct W as an estimate of Q7. Given a preliminary weighting matrix
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W, we construct IME estimator corresponding to W:

Jn(0) = mein m,(8) Wm,,(8) (4.47)
6 = argmin J,(6) (4.48)

For any weighting matrix W, theorem implies @ is consistent. We compute
estimate for covariance matrix by equation |4.46; Q = Q(8) and put W = Q~'. Then

it is clear that W 2 Q~!. Now we are ready to conduct the second step:

Ja(6) = min M (0) Wi, (6) (4.49)
6 = argmin J,,(0) (4.50)

Then one can show 8 constructed by two step estimation is consistent and asymptot-

ically most efficient.

Theorem 4.2.7 (Efficient Two-step IME). The two step estimator 6 constructed

above is consistent estimator of @y and asymptotically normal:
V(0 — 6g) % N(0, (BTQ7'B) ™)

Proof. A direct application of theorem with weighting matrix w4ot O]

The result also show that the asymptotic behaviour of two-step estimator 0 does
not depend on the choice of preliminary weighting matrix W. In finite samples, 9,
will be affected by the choice of W. This undesirable dependency can be eliminated
by interating the estimation sequence until convergence. This is called iterated IME

estimator. Another strategy called continuously-updated IME estimator can

be repeated in the same way as its counterpart in GMM.

After obtaining the two step estimator 6, the estimate for asymptotic covariance
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matrix of \/n 0 is (BTQ1B)~! converging in probability to (BTQ'B)~! where:

A

B=-Vm,(8) % B=—Vm,(6,) (4.51)
Q=065 Q=00 (4.52)

Hypothesis testing

The estimate of covariance matrix enables us to construct confidence intervals, con-
fidence ellipsoid, hypothesis testing of parameters, and even functions of parameters
(using Delta Method). Not only that, because GMM and IME are parallel in math-

ematical structure, Hansen-Sargan Test and Distance test are also applicable.

4.3 Joint Method of Quantile and Interquantile
Mean Matching

If we are endowed with both quantile data and interquantile mean data, what is the
best estimation strategy to utilise all the given information? The answer to this ques-
tion is foreshadowed in terminologies used: quantile and interquantile. Successfully
discover the statistical relationship between sample quantile and sample interquantile
mean is the key to estimate parameters of income distribution with highest efficiency.
The strategy again repeats arguments from Generalised Method of Moment (GMM)
by recognising similarity of moment conditions and joint asymptotic behaviours of

quantile and interquantile mean.

4.3.1 Statistical Model

A government agency is collecting income data and summarising the result by both
quantiles and interquantile means. Let Y7, Y5,...,Y,, be the random income values
collected by the agency, independently and identically distributed from a continu-
ous distribution with CDF F(-;0) with d-dimensional vector of parameters. Sup-

pose the CDF is well-bahaved: differentiable, exhibiting density function f(-; @), and
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quantile function @Q(-;0). Two increasing sequences of 7y, my, ..., Tk, € (0,1) and
P05 P1s - - s PEa—1, PK, € [0,1] are fixed percentages points chosen by the government
before performing data collection. An external observer then has access to a vector
of sample quantiles (ém,ém, . ,éﬁK), and a vector of sample interquantile means
((pos 1), i(p1s p2), - - il prs—1, Picy)) Teported by the agency.

It can be shown that é,r is a strongly consistent estimator of &, under mild con-
ditions. Under mild smoothness requirements on F' in the neighbourhoods of points
§rrs &mas - > Smge,» the vector of sample quantiles (ém,ém, e ,éﬂKl) is asymptotically
normal. Moreover, under mild regularity condition, fi(p;, pj11) is a consistent estima-

tor of u(p;, pj+1) and the vector of sample interquantile means

(ﬂ(po; p1)7 ﬂ(plv /)2>7 s 7:&(pK2717 pK2>>

is asymptotically normal. Intuitively, the matching approach require us to find 0 €
R9, so that the vector of sample quantiles and the vector of sample interquantile means
are as close as possible to their population counterparts.. If d = K + K (= K), we
solve the system of equation with d unknowns and d equations, known as exact-
identification. If d > K, we encounter the problem of under-identification, and
it is impossible to estimate the parameters. Finally and most importantly, in the
case of over-identification K > d, we have more equations than unknowns to solve,
what estimation procedure should we employ to make the most of the abundance of

quantile conditions and interquantile mean conditions?

4.3.2 Joint Estimator of Type QI
Fundamental Result of Quantile and Interquantile Mean

The following theorem shows asymptotic bivariate normality between a sample quan-
tile and a sample interquantile mean. The intuition for this result comes from the fact
that sample quantiles (& )pe(0,1) are multivariate normal in limit, and sample interquan-
tile mean can be expressed as linear combination of sample quantiles. The extension

to asymptotic multivariate normality of multiple such statistics are straightforward.
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Theorem 4.3.1 (Asymptotic Normality of Quantile and Interquantile Mean). Sup-
pose 0 < p; < ps <1, q € (0,1) and there are n iid random observations withdrawn
from a distribution with distribution function F, density function f and quantile func-
tion Q. Let M, be the sample (py,ps)-interquantile mean , and éq,n be the sample
q-th quantile corresponding to the random sample, then \/E(Mn — u(p1,p2), éq,n — éq)
converges in distribution to a bivariate normal random vector, whose means are 0,

variances are given in theorem[{.1.5 and theorem and covariance is ¥ /n where
¥ is provided by formula:

() = Sy [ P20 — (1= )R + (2~ P, p2)]

if g € (0,p1)

1—g¢q
() = o [99@ ~ PR ~ (a = Pt
q
ooty L PR — (1= QM) + (2 — (e, p2)|

if g € [p1, p2]
(3) = (p2 —1191;fq(Q(q)) [sz(Ih) —p1Q(p1) — (p2 —Pl)ﬂ(pl,pz)]

if g € (p2,1)

Proof. Using equation [£.3T], the sample interquantile mean can be expressed as inte-
gral of sample quantiles:
1 P2

M, = Epm dp 4.53
P2 —DP1 Jp, b ( )

Using the fact that random vector (gpm)pe(ml) is asymptotically continuum-variate
normal (take theorem to the extreme) with mean vector (&,)pc(0,1) and covariance

continuum matrix (0, 4/1)pqec(0,1) Where:

_ PNqg—pq
71 = F Q) F(Q@) (4.54)

It must be the case that (Mn,éq,n) is asymptotically bivariate normal with mean
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(u(pl,pg), §q) and covariance 1 /n where:

1 2 pANg—pq
P = dp 4.55
b1y TQIQ@) (499)

To compute the intergal, there are 3 cases to consider:
(ge(Op) ()gelp,p] (i) g € (p2,1) (4.56)

It is straightforward to compute simple integral for each case (using a change of

variable y = Q(p) and integration by part) and obtain the desired result. O

Construction & Properties of the Joint Estimator

The previous theorem are the necessary ingredient we need for the development of the
Joint Quantile Interquantile Mean Estimator (QIME), which repeats the construction
of GMM estimator. Here we develop an estimator that involves non-overlapping
interquantile range only; however, the extension to overlapping interquantile ranges
are straightforward. As a variation for moment condition vector, we define the joint

discrepancy vector :
gﬂl,n - Q(Trl; 0)

1,(6) = 4,(0) _ Ercym — Q(7r,; 6) (4.57)

m,,(0) fin(po, 1) — p(po, p1; 0)

fin(PK—1, PRs) — W(PRo—15 PK3 O)

where ¢,(0) and m,(0) are discrepancy vectors associated with quantile data and
interquantile mean data. The size for ¢,(@) and m,(0) are K; x 1 and K x 1,

respectively.

I have to make up a new terminology at this point by introducing the notion of
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asmoment condition] By asmoment condition, I mean a sample statistic that is
consistent to its true counterpart, and asymptotically normal with the other asmo-
ment conditions. Let K = K; 4+ K, be the length of the joint discrepancy vector.
If K = d, the QIME estimator is defined as the parameter values 6 that satisfies
[,(0) = 0 (nullity of asmoment conditions). This is generally not possible when there
are more asmoment conditions than parameters. For some K x K positive definite

weighting matrix W, define objective function:
Ja(6) = min 1,(6) W1,(6) (4.58)

This is a non-negative objective function generalising the notion of Euclidean length of

quantile discrepancy vector. For example, if W = I, then J,(8) = ||1,(8)]|? coincide
with Euclidean length. Typically, the objective function can assign different weights
to different square discrepancy entries, and there are interaction terms between entries

as well. QIME estimator is then defined as the minimiser of J,,(0):
éQIME = arg min Jn(O) (459)
0

The objective function defined in equation is generally nonlinear. When K =
d (exact-identification), then there exists @ such that the joint conditions I,(8) = 0.
The QIME does not depend on the choice of weighting matrix W. When K > d
(over-identification), the QIME depend on the weighting matrix and a numerical
optimisation routine is required to solve for the maximiser.

Function J, : R? — R, has gradient V.J, : R — R% and Hessian V2J, : R¢ —
R¥*4 Moreover, function [, : R — RX has Jacobian VI, : R — RX*? and Jacobian

tranpose VT, : R? — R¥>*X  The gradient and Hessian of J,, are:

VJ.(0) = 2V7T1,(0) W 1,,(0) (4.60)
V27,(0) = 2V7T1,(0) W V1, (0) +2M © W 1,(6) (4.61)

! Asymptotic moment condition.

95



where M is a mysterious term, representing the total derivative of matrix-valued
function VI, : R? — RE*4 and the multiplication rule for this term is also not
proper. Moreover, it is clear the Jacobian of discrepancy function [, (@) is not a

random function:

Vg@(”l; 9)
Vq,(0 Vv, ;0
vi,0) = | V@ | _ ;CﬂﬁK ) (4.62)
Vm,(6) Ve 11(po, p1;0)
_vgﬂ(PKg—l, PKy; 0)_

and so is the M term. Denote C'(0) = —V1,,(0) and called discrete C-matrix from
now on. In proving consistency and asymptotic normality of QIME, there is no need
to invoke central limit theorem as in the case of GMM to show the M term and
VI, stabilises. The next several theorems in this section are immediate, followed by

exactly the same arguments as QME theory.

Assumption 4.3.2 (No Multicollinearity). C' = —V1,(0) has independent columns

at true parameters 0. Alternatively, C has no vector in the nullspace except 0.

We will implicitly assume this condition from now on because this condition is

mild and are likely to be satisfied in all well-known distribution.

Theorem 4.3.3 (Consistency of QIME). For any weighting matriz W with W 2
W, the QIME estimator 0, = argmin J,(0) is a consistent estimator of the true

parameters 6.
Proof. Adapted from theorem [4.1.6] O

We have \/nl,(60y) 4, N(0, A) where:

S 0,
A= A6y = (4.63)
Q)
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The entries of 2, ¥ are provided in theorem [£.1.4] theorem and theorem [4.2.2
The cross-covariance matrix:

Un U i |
v, — 1/{21 1/{22 ?/fz'm (4.64)
(VK1 Yre o VK, |

whose entries are provided in theorem 4.3.1

Theorem 4.3.4 (Asymptotic Normality of QIME). For any weighting matriz W with
W L W, the QIME estimator 0, = argmin J,,(0) is asymptotically normal:

(8, —80) S N (0, (CTWC) CTWAWC(CTW )

where C'= —V1,(0y) is discrete C-matriz at true parameters vector.
Proof. Adapted from theorem O

Theorem 4.3.5 (Optimal Weight of QIME). If weighting matriz W 2 AL then
Vn(, — 8) & N0, (CTATIC) )

and the covariance matriz is the lowest among all choices of weighting matrix. In other

words, the estimator corresponding to this weighting matriz is the most efficient.

Proof. Adapted from theorem O

Two Step Joint Quantile Interquantile Mean Matching Estimator

To construct asymptotically efficient QIME estimator, we need a weighting matrix
W that converges in probability to A™!. To achieve this consistency for weighting

matrix, we construct W as an estimate of A~!. Given a preliminary weighting matrix
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W, we construct QIME estimator corresponding to W:

Ja(6) = min 1,(0)TW1,(0) (4.65)
6 = argmin J,(6) (4.66)

For any weighting matrix W, theorem implies 6 is consistent. We compute the
estimate for covariance matrix by equation |4.63t A = A(8) and put W = A~!. Then

it is clear that W £ A~!. Now we are ready to conduct the second step:

Ju(6) = min 1,(0)TW1,(0) (4.67)
6 = argmin J,,(0) (4.68)

Then one can show 8 constructed by two step estimation is consistent and asymptot-

ically most efficient.

Theorem 4.3.6 (Efficient Two-step QIME). The two step joint estimator 0 con-

structed above is consistent estimator of 8y and asymptotically normal:
V(8 — 80) 5 N(0,(CTAC) ™)

Proof. A direct application of theorem with weighting matrix w4 AL O]

The result also show that the asymptotic behaviour of two-step estimator 0 does
not depend on the choice of preliminary weighting matrix . In finite samples, 9, will
be affected by the choice of W. This undesirable dependency can be eliminated by
iterating the estimation sequence until convergence. This is called iterated QIME
estimator. Another strategy called continuously-updated QIME estimator can

be repeated in the same way as its counterpart in GMM.

After obtaining the two step estimator 6, the estimate for asymptotic covariance
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matrix of /n 0 is (CTA~1C)~! converging in probability to (CTA~1C)~! where:

C=-Vi, (0% C=-VI(0) (4.69)

A=AB) L A=A0)) (4.70)

Hypothesis testing

Again, the estimate of covariance matrix allows us to construct confidence intervals,
confidence ellipsoid, hypothesis testing of parameters, and even functions of parame-

ters (using Delta method). Hansen-Sargan Test and Distance test are also applicable.

4.4 Method of Proportion Matching

One popular method of summarising income data, which has been introduced in
chapter [3] is using class frequency. Income range are partitioned into multiple class
intervals and the information of how many people having income within each class
interval is reported. The method repeats arguments from GMM theory by recog-
nising identical pattern of moment conditions and asymptotic behaviour of sample
proportions. Method of proportion matching serves as an alternative procedure for
multinomial MLE introduced in previous chapter, and then provides new insights on

the Pearson minimum y? technique introduced in Hinkley and Cox| (1979).

4.4.1 Statistical Model for Class Frequency Data

The detailed description for the model are given in chapter [3], section [3.1] For the
sake of notation convenience, I intentionally adjust the number of income classes from

K to K + 1. The model can be summarised as follows:
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K+1 income intervals [to,t1), [t1,t2),.. ., [ti,tk+1), o = 0,tk1 =00  (4.71)
Exact incomes 7y, Zo,..., 72, < F(-;0y) (4.72)
Probabilities Vector p(0) = (p1(0),p2(0),...,pr+1(0)) (4.73)
p;(0) = F(t;;0) — F(t;-1;0), j=1,2,... K +1 (4.74)

Multinomial Counts N = (Ny, N, ..., Ngi1) ~ Mult(n, p(6y)) (4.75)
Sample Proportions P = (p1,D2,---,Pr+1), DPi= N;i/N (4.76)

4.4.2 Proportion Matching Estimator

The matching strategy I present next is for distributions whose support is (0, 00)
and for non-overlapping class intervals. However, the extensions to general support

and overlapping class intervals are straightforward.

Fundamental Asymptotic Result of Sample Proportions

Theorem 4.4.1 (Asymptotic Behaviour of Sample Proportions). Random vector
N = (Ny,Ns,...,Ng,Ngy1) ~ Mult(n, q) where q = (p1,p2,---,Pr+1) adding up
to unity. Let P = (N1, Ny, ... Ng)/n be vector of sample proportions and p =
(p1,D2, ... PK) be vector of true proportions, excluding the last proportion to avoid

linear dependency. Then: P2 p and /n(P — p) 4 N(0,IT) where

pi(l—=p1)  —pip2 -+ —PiPK
- —P2pP1 Pz(l - p2) ce —P2PK
| —PKD —pkp2 - pr(l—pK )_

Proof. Mult(n,q) random vector can be viewed as iid sum of Mult(1,q) random
binary vectors. The covariance matrix for Mult(1, q) excluding the last random entry
is exactly the matrix II given above. The theorem is then an immediate consequence

of vector LLN and vector CLT. O
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Construction & Properties of Proportion Matching Estimator

Our objective is again repeating the theory of GMM to construct PME. Here we
developed an estimator specifically for non-overlapping class intervals; however, the
extension to overlapping intervals are straightforward. As an analogy for moment

conditions vector, we define proportions discrepancy vector:

D(to, t1) — p(to, t1:0)

F0) =P plo)= | NI 177)

Pltr—1,tx) — p(tx-1,tk;0)

where p; = p(t;_1,t;) and p;(0) = p(tj_1,t;;0) (alternative notations). Using new
notation, by theorem {.4.1, we have f,(6¢) = 0 and /nf,(60) 4 N(0,11(8y)).

If K = d, the PME estimator is defined as the parameter values 6 that satisfies
fn(@) = 0. This is generally not possible when there are more proportion conditions
than parameters. For some K x K positive definite weighting matrix W, define

objective function:

Ja(6) = min Fa(0)TW £,(0) (4.78)

This is a nonegative objective function generalising the notion of Euclidean length of

quantile discrepancy vector. For example, if W = I, then Jn(0) = || f.(0)|* coincide
with Euclidean length. Typically, the objective function can assign different weights
to different square discrepancy entries, and there are interaction terms between entries

as well. PME estimator is the minimiser of J,,(0):

Opnip = arg min J,(0) (4.79)

7]

Function J, : R? — R, has gradient V.J, : R — R? and Hessian V2J, : R? —

R4 Moreover, function f, : R — RX has Jacobian V f,, : R? — R%*? and Jacobian
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tranpose V' f, : R — R  The gradient and Hessian of J,, are:

VJo(0) =2V £, () W [,(6) (4.80)
V27, (0) = 2V £,(0) W V [, (0) +2M O W f,(0) (4.81)

One feature in PME that I find easier than GMM is that the Jacobian of discrepancy

function f, (@) is no longer a random function:

Vap(to,t1;0) Vipi(0)
Vip(ti,ts:; 0 V(0
Vin(0) = - BPQ Gt - ?2( ) (4.82)
_Vgp(tml, Lk 0)_ _VTPK(O)_

and so is the M term. Denote D(0) = —V f,,(0) and called discrete D-matrix from
now on. The next several theorems in this section are immediate, followed by exactly

the same arguments as QME theory.

Assumption 4.4.2 (No Multicollinearity). D = —V f,,(8y) has independent columns

at true parameters 6. Alternatively, D has no vector in the nullspace except 0.

This is a mild regularity condition since every well-known distributions satisfy this

assumption. We will implicitly assume this condition from now on.

Theorem 4.4.3 (Consistency of PME). For any weighting matriz W with W 2 W,

the PME 0,, = argmin J,(0) is consistent estimator of the true parameters 6y.

Proof. Adapted from theorem [4.1.6] O

By theorem {4.4.1) we have v/n f,(60) 4 N(0,IT) where:

[T = T1(6y) = diag(p(60)) — P(80)P(60)" (4.83)

Theorem 4.4.4 (Asymptotic Normality of PME). For any weighting matriz W with
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W L W, the PME estimator 0, = argmin J,,(0) is asymptotically normal:
Vn(8, —80) % N (0,(D"W D) DWW D(D*W D))

where D = —V f,,(0y) is discrete D-matriz at true parameters vector.
Proof. Adapted from theorem [4.1.7] m

Theorem 4.4.5 (Optimal Weight of PME). If weighting matrix W S I then
Vn(0, — 60) % N(0, (DI ' D))

and the covariance matriz is the lowest among all choices of weighting matrix. In other

words, the estimator corresponding to this weighting matrixz is the most efficient.

Proof. Adapted from theorem O

Two Step Proportion Matching Estimator

To construct asymptotically efficient PME estimator, we need a weighting matrix
W that converges in probability to II7!. To achieve this consistency for weighting
matrix, we construct I as an estimate of II". Given a preliminary weighting matrix

W, we construct PME estimator corresponding to W:

J,(6) = min fu(O)TW £,(6) (4.84)
6 = argmin J,(0) (4.85)
0

For any weighting matrix W, theorem implies 0 is consistent. We compute
estimate for covariance matrix by equation m I1 = I1(6) and put W = II"'. Then

it is clear that W 2 II-. Now we are ready to conduct the second step:
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Ja(6) = min Fa(@)TW £,(0) (4.86)

A

0 = argmin J,(0) (4.87)
0

Then one can show 8 constructed by two step estimation is consistent and asymptot-

ically most efficient.

Theorem 4.4.6. The two step estimator 0 constructed above is consistent estimator

of 6y and asymptotically normal:
V(0 = 6,) % N0, (DI ' D))
Proof. A direct application of theorem with weighting matrix W £ II-1, O

The result also show that the asymptotic behaviour of two-step estimator 6 does
not depend on the choice of preliminary weighting matrix W. In finite samples, 9,
will be affected by the choice of W. This undesirable dependency can be eliminated
by iterating the estimation sequence until convergence. This is called iterated PME
estimator. Another strategy called continuously-updated PME estimator can
be repeated in the same way as its counterpart in GMM.

After obtaining the two step estimator 9, the estimate for asymptotic covariance

matrix of v/ 0 is (DTII"'D)~! converging in probability to (DTII"D)~! where:

—Vf.(0) 5 D=—-Vf,(0) (4.88)

D
11 =11(0) & I = 11(8,) (4.89)

Hypothesis testing

Confidence intervals, confidence ellipsoid, hypothesis testing can be done using the
consistent estimate of covariance matrix. Hansen-Sargan Test and Distance test are

also applicable.
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4.5 Joint Method of Grouped Data

If we are endowed with class frequency data, quantile data and interquantile mean
data, what is the best estimation strategy to utilise all the given information? Suc-
cessfully discovering the asymptotic relationships between sample proportion and
sample quantile with sample interquantile mean is the key to estimate parameters
of income distribution with highest efficiency. The strategy again repeats arguments
from Generalised Method of Moment (GMM) by recognising similarity of moment
conditions and joint asymptotic behaviours of quantile and interquantile mean and

sample proportion.

4.5.1 Statistical Model

Refer to subsections for the joint model of quantile data and interquantile mean
data, and subsection for the model of proportion data.

4.5.2 Joint Estimator of Type QIP

Fundamental Results of Proportion, Quantile and Interquantile Mean
Suppose Y1,Y5,....Y, “ F, then the empirical CDF of F, evaluated at y is defined

as:

R 1 —
F,(b) = - > Iy (4.90)
=1

It is simple to see that nF,(b) ~ Bin(n, F(b)). Similarly, for a < b one can defined:
E,(a b)—lil (4.91)
n\, - n - {a<Y;<b} .

Again, we have nF),(a,b) ~ Bin(n, F(a,b)) where F(a,b) = F(b) — F(a) € [0,1].
There is a slight difference between the definitions of F,(a,b) and py,(a,b) (intro-
duced in PME theory) appearing in the class bounds. In fact, p,(a,b) is the sample

proportion in [a,b) instead of (a,b]. However, as the sample size tends to infinity,
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the difference becomes unnoticeable. We are now ready to state the first theorem

concerning joint distribution of empirical CDF proportions.
Theorem 4.5.1 (Asymptotic Normality of Empirical CDFs). Suppose Y1,Ys, ..., Y, w
F and Fn(a), ﬁn(b) are empirical CDF proportions where a < b, then:

Proof. With similar argument used in theorem we have:

r ( Fu) | | Fla) D ’ ( o| [F@a-rF@) -F@F@b) D
n . — — N )
Fn<a7 b) F(a7 b) 0 —F(a)F(a, b) F(a7 b)(l - F(a7 b))
(4.92)
Since the map (z,y) — (x,x + y) is a linear invertible map with Jacobian:
10
J= , (4.93)
11

the resulting random vector (F,(a), F,(b)) that was sent from (F)(a), F,,(a,b)) is
asymptotically bivariate normal with mean (F(a), F'(b)). The asymptotic variances
associated with F,(a) and F,(a,b) are clear because nF,(a) ~ Bin(n, F(a)) and
nF,(a,b) ~ Bin(n, F(a,b)). As F,(b) = EF,(a) + F,(a,b), the asymptotic covariance
associated with F},(a) and F),(b) is:

F(a)(1 = F(a)) — F(a)F(a,b) = F(a)(1 — F(b)) (4.94)
which completes the proof. O]

There are two simple remarks. Firstly, if it is not certain a < b, one can use the
expression:

F(a) AF(b) — F(a)F(b) (4.95)
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for the asymptotic covariance instead. Secondly, the theorem only shows asymptotic
behaviour of two empirical CDF proportions, but the extension to multiple such sam-
ple statistics is straightforward. In this case, the asymptotic distribution of multiple
sample proportions is multivariate normal with known covariance structure. I hope
your intuition says it is correct.

The next important asymptotic result is due to Bahadur| (1966)), revealing a strong
duality between sample quantile and empirical CDF proportion. By strong duality,

2

I mean in proving asymptotic behaviours with magnifier n'/2, one is still able treat

sample quantile as empirical CDF and vice versa.

Theorem 4.5.2 (Bahadur). Let p € (0,1). Suppose that the distribution function F
is twice differentiable at &,, with F'(§,) = f(&,) > 0. Then:

A

: . _ P 1) —3/4(7, )3/
Epn — &p 7(&,) + Op(n (Inn)>*)

Proof. See [Serfling (2009, p. 91) or |[Bahadur]| (1966)). O

Theorem 4.5.3 (Asymptotic Normality of Empirical CDF and Quantile). Let p €

(0,1). Y1,Y5,...,Y, Y F with density function f and quantile function Q). Let ép,n
be the sample p™ quantile and Fn(a) be the empirical CDF proportion corresponding

to the iid sample of size n, then:

é ¢ 0 p(1-p) __ PAF(a)—pF(a)
\/ﬁ pnof P i> N : f(Q(p))? F(Q(p))
Eia)| |Fla) 0| | -mAE@PE@  p(q)(1 - F(a))

Proof. Let ép(a),n be the sample F'(a)-quantile corresponding to the sample of size n.

Using theorem [4.1.4

g ¢ 0 p(1-p) pAF(a)—pF(a)
N pn | p 4N fQ)? F(Q())f(a) (4.96)
é ¢ 0 " | pAF(a)—pF(a)  F(a)(1=F(a))
F(a)n F(a) F(@Qw))f(a) f*(a)

Consider linear transformation (z,y) — (x,—f(a)y). By theorem {4.5.2, up to a

“noise” component of order O,(n=3/4(Inn)%4), the transformation sends vector
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(épyn, ép(a)m) to (fpm, Fn(a)>, and vector (fp,fp(a)) to (&, F'(a)). Since the noise
component is negligible even if magnified by /n, the Delta Method |4.1.12]is applica-

val o] ® L N (0,727 (4.97)

Fy(a) F(a)
where ¥ is the covariance matrix that appears in equation[£.96] and .J is the Jacobian

matrix of the transformation at (&,,a):

1 0
J = (4.98)
0 —f(a)
Simple computation of matrix product yields the desired result. O

Theorem 4.5.4 (Asymptotic Normality of Proportion and Quantile). Let p € (0, 1).
Y1,Y5,...,Y, YF with density function f and quantile function Q. Let fpn be the
sample p™ quantile and F), (a,b) be the empirical proportion in interval (a,b] corre-
sponding to the iid sample of size n, then (fpn, w(a, b)) 15 asymptotically bivariate

normal with mean (§,, F(a,b)) and covariance 1 /n where:

pAF(a) —pF(a) pAF([)—pF(b)
f(Q(p)) f(Q(p))

)=

Proof. Write F,(a,b) = F,(b) — F,(a) and the conclusion follows immediately from
theorem and the bilinear property of covariance. O

Let do a simple check for the theorem to see how it agrees with our intuition.
Consider p < F(a) < F(b), then the covariance numerator is pF'(b) — pF(a) > 0. If
many observations are within (a, b], then it seems likely that high F,(a, b) will drag the
ép up, causing positive correlation. If F'(a) < F(b) < p, then the covariance numerator
is (p—1)(F(b) — F(a)) < 0. Indeed, many observations within (a, b] now tend to drag
the &, down, causing negative correlation. In the case of F(a) < p < F(b), the

covariance sign is ambiguous.
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Theorem 4.5.5 (Asymptotic Normality of Interquantile Mean and Proportion). Let
p1,p2 € (0,1) with py < pa. Y1,Ya,...,Y, YR with density function f and quantile
function Q. Let fi,,(p1,p2) be the sample (p1, p2)-interquantile mean and ﬁ’n(a, b) be the
empirical proportion between a and b corresponding to the iid sample of size n, then

<ﬂn(p1,p2), Fn(a, b)) is asymptotically bivariate normal with mean (u(p1, p2), F'(a,b))

and covariance 1 /n where:

1 /p2p/\F(a)_pF(a)_p/\F(b)—pF(b)dp

-, F(@Q®)) F(@Q®))

Proof. We use the same proof technique in theorem [£.2.1] expressing the sample

interquantile mean as:

P2
fin(P1, P2) = Epn dp 4.99
(P1,p2) o (4.99)
The conclusion follows from bilinear property of covariance and theorem [4.5.4 O]

The asymptotic covariance between sample interquantile mean and sample propor-
tion derived in previous theorem is expressed in integral form and can be computed
symbolically by considering 6 distinct configuration. Each ordering of py, ps, a, b
given p; < pg and a < b will result in a different formula and computational details

are deferred to Appendix [A.4]

The extension to multiple sample statistics are straightforward in the previous five
theorems. In this setting, the random vector of these sample statistics are consistent
to their population counterparts and asymptotically normal with known covariance

structure. I hope your intuition says the extension is valid.

Construction & Properties of the Joint Estimator of type QIP

The previous theorems important role in the development of the QIPME , which

repeats the construction of GMM estimator. As a variation for moment condition
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vector, we define the joint discrepancy vector:

Qn(0>
1(0) = |m,(0) (4.100)

n(6)

where ¢,(0), m,(0) and f,(0) are discrepancy vectors associated with quantile data
and interquantile mean data, and sample proportion data (computed from class fre-
quency data). The size for ¢,(80), m,(0) and f,(0) are K; x 1 and Ky x 1 and K3 x 1,

respectively.

Let K = K; + Ky + K3 be the length of the joint discrepancy vector. If K = d,
the QIPME estimator is defined as the parameter values  that satisfies [,(0) =0
(nullity of asmoment conditions). This is generally not possible when there are more
asmoment conditions than parameters. For some K x K positive definite weighting

matrix W, define objective function:
Ja(6) = min 1,(6)"W1,(6) (4.101)

This is a non-negative objective function generalising the notion of Euclidean length of

quantile discrepancy vector. For example, if W = I, then J,(8) = ||1,(8)]|* coincide
with Euclidean length. Typically, the objective function can assign different weights
to different square discrepancy entries, and there are interaction terms between entries

as well. QIPME estimator is then defined as the minimiser of J,,(0):

A

0 = argmin J,(0) (4.102)
0

If K = d, then there is 0 such that the joint conditions ln(é) = 0. The QIPME
does not depend on the weighting matrix W. The objective function defined in
equation is generally nonlinear and a numerical optimisation routine is required

to solve for the maximiser.

Function J, : R? — R, has gradient V.J, : R — R% and Hessian V2J, : R¢ —
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R%*?. Moreover, function [,, : R? — R¥ has Jacobian VI, : R — R¥*? and Jacobian

tranpose V7', : R? — R¥>X  The gradient and Hessian of .J,, are:

VJ,(0) = 2V"1,(0) W 1,(0) (4.103)
V2I,(0) = 2V, (8) W Vi,(0) + 2M © W 1,,(8) (4.104)

where M is a mysterious term, representing the total derivative of matrix-valued
function VI, : R — RX*4 and the multiplication rule for this term is also not

proper. Moreover, Jacobian of discrepancy function [,,(€) is not a random function:

VQn(O)
Vi,(0) = — | Vm,(0) (4.105)
V fu(6)

and so is the M term. Denote E(0) = —V1,(0) and called discrete E-matrix from
now on. The next several theorems in this section are immediate, followed by exactly

the same arguments as QME theory.

Assumption 4.5.6 (No Multicollinearity). E = —V1,(68y) has independent columns

at true parameters 8. Alternatively, E has no vector in the nullspace except 0.

It is interesting to see that, by piling up the discrepancy vectors to construct a joint
discrepancy vector, the “no multicollinearity” assumption is easier to be satisfied. In
fact, if at least one of V¢,(0o), Vm,(6y), Vf.(0o), has independent columns, then

the assumption is automatically satisfied.

Theorem 4.5.7 (Consistency of QIPME). For any weighting matriz W with W 25
W, the QIPME én = argmin J,(0) is consistent estimator of the true parameters 6.

Proof. Adapted from theorem [4.1.6] O
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We have v/nl,(0y) 4 N(0, A) where:

S U, U,
A=AB)=|vT Q U, (4.106)
VA L b

The entries of X is supplied by theorem 4.1.3|and |4.1.4] The entries of €2 is supplied

by theorem 4.2.1|and [4.2.2] The entries of II is supplied by theorem [4.4.1 The entries

of W, is supplied by theorem [4.3.1 The entries of ¥, is supplied by theorem {4.5.4]
The entries of ¥, is supplied by theorem |4.5.5|

Theorem 4.5.8 (Asymptotic Normality of QIPME). For any weighting matriz W
with W 2 W, QIPME estimator 0, = argmin J,(0) is asymptotically normal:

(0, — 60) & N (0, (ETWE) ' ETWAW E(ETWE)™")

where E = —V1,,(00) is discrete E-matrixz at true parameters vector.
Proof. Adapted from theorem [4.1. n

Theorem 4.5.9 (Optimal Weight of QIPME). If weighting matriz W 2 AL then
V(0. — 0) 5 N(0, (ETAT'E)™Y)

and the covariance matriz is the lowest among all choices of weighting matrix. In other

words, the estimator corresponding to this weighting matrixz is the most efficient.

Proof. Adapted from theorem O

Two Step Joint Estimator

To construct asymptotically efficient QIPME estimator, we need a weighting matrix
W that converges in probability to A™!. To achieve this consistency for weighting

matrix, we construct W as an estimate of A~!. Given a preliminary weighting matrix
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W, we construct QIPME estimator corresponding to W:

Ja(6) = min 1,(0)TW1,(0) (4.107)
6 = argmin J,(6) (4.108)

For any weighting matrix W, theorem m implies @ is consistent. We compute
the estimate for covariance matrix by equation |4.106; A = A(8) and put W = A1,

Then it is clear that W £ A~!. Now we are ready to conduct the second step:

Ju(6) = min 1,(0)"W1,(6) (4.109)
6 = argmin J,(6) (4.110)
2]

Then one can show 8 constructed by two step estimation is consistent and asymptot-

ically most efficient.

Theorem 4.5.10 (Efficient Two-step QIPME). The two step joint estimator 0 con-

structed above is consistent estimator of 8y and asymptotically normal:
V(0 — 60) % N(0, (ETAE)™)

Proof. A direct application of theorem with weighting matrix w4 AL O]

The result also show that the asymptotic behaviour of two-step estimator 0 does
not depend on the choice of preliminary weighting matrix . In finite samples, 9, will
be affected by the choice of . This undesirable dependency can be eliminated by in-
terating the estimation sequence until convergence. This is called iterated QIPME
estimator. Another strategy called continuously-updated QIPME estimator

can be repeated in the same way as its counterpart in GMM.

After obtaining the two step estimator 6, the estimate for asymptotic covariance
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matrix of /70 is (ETA"1E)~! converging in probability to (ETA~1E)~! where:

—Vi,(0) % E = —V1,(0,) (4.111)

E
A=AB) L A=A(0)) (4.112)

Hypothesis testing

The estimate of covariance matrix enables us to construct confidence intervals, con-
fidence ellipsoid, hypothesis testing. Furthermore, since GMM and QIPME have the

same mathematical pattern, Hansen-Sargan Test and Distance test are also applica-

ble.
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Chapter 5
Limiting Asymptotic Efficiency

Grouping data by reporting quantiles, interquantile means or sample proportions can
be viewed as a lossy compression of original information. In the previous chapter, we
introduced a GMM-based method as a general framework to estimate the underlying
distribution using any single type of aggregated data, or even a combination of them.
In this chapter, we will show that in addition to having many desirable properties
such as consistency and normality, the proposed estimators are also efficient. The
information loss during the compression process is not as bad as you expect, and a
lot can be recovered by utilising all the given information with optimal weighting

scheme and joint estimation.

5.1 The Fundamental Efficiency Lemma

In this section, we will state several important results necessary for subsequent effi-
ciency analysis of matching estimators. The first result is due to |Cramér| (2016) and
Rao| (1992)) which essentially say MLE is asymptotically the most efficient.

Theorem 5.1.1 (Cramer-Rao Lower Bound). Let X = (X1, Xo,...,X,) i f(;0)
with information matriz 1(0) and joint information matriz 1(0) = nl(0). Suppose

random variable Z = Z(X) has E(Z) = g(8), then Var(Z) is bounded from below via:

Var(Z) > V'g(0)I(0)Vy(8)
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Proof. See |[Kroese, Chan et al. (2014, p. 171). O

If g(0) = 0;, Z(X) is consistent to 6; (E(Z) and its standard deviation is propor-
tional to cn™'/2 (c is some constant). We can then write E(Z) = 0, + b, (0) where b,
is the bias and b,(6) — 0 as n tends to infinity. Apply the Cramer-Rao lower bound

we obtain:

lim Var(v/nZ) > I71(0);; = lim Var(yv/n 0MF) (5.1)

n—oo n—o0

which roughly says among all standard estimators of 6;, the MLE has the lowest
asymptotic variance. In other words, Cramer-Rao theorem establishes the lower
bound for asymptotic efficiency of any standard estimators you could ever think of.
By standard estimator, I mean a consistent estimator whose standard deviation
is proportional to cn~'/2. Very often, the estimator you have is also asymptotically

normal (as shown in previous chapter).

Lemma 5.1.2 (Positive Semi-definiteness of Matrix Difference). If matrices A and
B are positive definite and A— B is positive (semi)definite, then B~' — A~ is positive
(semi)definite.

Proof. The proof is deferred to Appendix [A.5] O

We usually face the question of whether one estimator is more efficient than an-
other in terms of their asymptotic covariance matrices. The problem reduces to
showing the difference between two covariance matrix is at least positive semi-definite,
which is not always simple to show in a direct way. Therefore, lemma [5.1.2] is ex-

tremely useful in providing an alternative indirect way of proving matrix inequality.

Lemma 5.1.3 (Block Matrix Inversion). If a matriz is partitioned into 4 blocks and
matrices A, D, Schur complement D — CA™'B are non-singular, it can be inverted

blockwise as follows:

-1

A B Al 4+ A'B(D - CA'B)"'CA™' —A"'B(D—CA'B)"!

C D —(D—CA™'B)"lCA™! (D — CA-1B)~!
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Proof. See |Lu and Shiou| (2002)) for an insightful proof. ]

Block matrix inversion is the key to prove the next statement, which I shall call
“the fundamental efficiency lemma”. It is fundamental in proving efficiency improve-
ment from adding more asmoment conditions. Later on, I will show: as long as the
discrepancy vector holds a valid asymptotic covariance structure, using additional

asmoment conditions always leads to efficiency gain.

Lemma 5.1.4 (Fundamental Efficiency Lemma). Suppose ¥ is a K by K positive
definite matriz, nested as a block inside another positive definite matriz Xg of size

K+10byK+1:

2
o1 012 01K O1,K+1
2
021 05 T 09K 02 K+1
) s
ER: =
T 2
§° Ok41 9
OK1 Orx2 " OkKk | OK,K+1
2
OK+11 OK+12 ' OK4+1 K | Oky1

Suppose a is a column vector of size d, A is a K by d matriz and put:

under the assumption that A has independent columns (Agr has independent columns

as a result). Then we have the following matriz inequality:
(AR AR) P < (AT 1A

The inequality still holds true even if the block Y is not nested on the upper left of

Yr. In this case, matriz A is required to be nested inside Agr in accordance with 3.

Proof. Since A, Ap have full column rank, both ALY ' A and ATS 1A are positive

definite. By invoking lemma/5.1.2} the matrix inequality we aim to prove is equivalent
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to:

ARY AR > ATY 1A (5.2)

Putting 0% = 0%, to shorten the notation. Using block matrix inversion (lemmals.1.3),
the inverse of Y g is:

o1 L4 S s(0? — sTETs)TlsTE T S ls(0? — sTERls) ! (53

R = .
—(0? — sty ls) 71Ty (0% — st 1s)™!

By assumption Xy is positive K + 1 by K + 1 positive definite matrix, therefore Zl_%l
is also positive definite. We then deduce that the last diagonal entry of X', namely
(0% — sT¥71s) 71 is positive.
With simple matrix block multiplication, one can show the matrix inequality [5.2] can
be expanded and simplified as:

ATY s 5T A+ adt —astE A — AT saT > 0 (5.4)
The conclusion is clear by recognising the LHS can be factored as:
(sT27'A —aD)T (YA —aT) (5.5)

To prove the inequality for general nesting situation, let P, be the K +1 by K + 1
permutation matrix that switches the last row and the k' row by pre-multiplication.

Using the fact that P = P!, we have:
(PoAR) Y (P XRPY) N (PLAR) = ARYRAR (5.6)

where P,YXzr Pl represents the general nesting of ¥ inside Y, and P,Ag represents

the general nesting of A inside Ag, yielding the desired conclusion. O

The Fundamental efficiency lemma concludes this brief section. Frankly, the the-
orem is purely a linear algebra proposition without any mention of “efficiency”. By

exploring the question of efficiency gain, this mathematical pattern is extracted. If
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you ever heard that using more valid instrument variables results in more asymptotic
efficiency, then I encourage you to pause and see the connection between this result

and the fundamental lemma.

5.2 Estimation Efficiency using Grouped Data

According to Cramer-Rao lower bound, MLE is the most asymptotically efficient
among all standard estimators. This is the major reason why MLE is considered
as a benchmark method in parametric estimation and inference. In this section,
we will analyse various efficiency problems that either compare asymptotic efficiency
between MLE and matching estimator, or between matching estimator and itself
with extra addition of asmoment conditions. The results proved in this section have
an important role to play in establishing quadratic matching estimation is a general
efficient alternative to the benchmark method MLE, especially when handling grouped
data.

5.2.1 Efficiency Results of Multinomial MLE and PME

We use the statistical model for generating class frequency data in chapter [3| sec-
tion3.1|with K +1 income classes for notation simplicity. The corresponding stochas-
tic log-likelihood function is provided in equation [3.7

n!
NNyl Ngq!

In f(N;0) =In ( ) + NiInpy(0) + ... + NeInpg.1(0) (5.7)

where p;(0) = p(tj_1,t;0) = F(t;;0) — F(t;—1;0) for j = 1,2,... K + 1. Take the
gradient of both side with respect to @, we obtain the Efficient Score S for class

frequency data:

K+1 ‘
Sc(o:N) = Y N, (53)

It is not needed but interesting to see that EgSc(0;N) = > Vp;(0) = V1 =0 as
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expected. The information matrix associated with class frequency model is:

10(6) = E Sc(8; N)Sc(8; N)” (5.9)
-y (g?z)fjw)E(Nf) + 3o ?f;; g“)(e)E(Nij) (5.10)
j=1 : gtk TINER

As E(N7) = np;(1—p;+np;) and E(N;N;) = n(n—1)p;p; for j # k, the information

matrix can be simplified to:

K+1 T,

Maximum likelihood theory provides \/ﬁ(éMLE — 0y) LN N(0, (Ic(609)/n)~"). The

natural question to ask is: if we refine the class intervals, is there a gain in asymptotic

efficiency. The answer is Yes and shown in the following theorem.

Theorem 5.2.1 (Efficiency Improvement Multinomial MLE). Let T' = {to,t,...tx}
is the interval bounds for class frequency model with information matriz Io(6). A
refinement of T is finite set of point T' such as T C T', and denote Jo(0) is the

information matrix associated with interval bounds T, then:
1:'(6) > J5'(9)

In other words, knowledge on additional class intervals improves asymptotic efficiency
of the estimator. Moreover, if the refinement T is dense (in the support) when K tends
to infinity, then:

lim 10(8)/n = 1(6)

K—o0
Proof. Tt is enough to show the efficiency improvement when 7" contains just one
point more than 7'. Suppose the refinement happens at ¢;_; < ¢; in T, which becomes

ti_1 <t <t;in T’ the difference between two information matrices is:

Jo(6) — 10(8) = Vpa(ii(ve)pa(@ n Vpb(iz(ve)pb(@ N ij(ii(va)pj(ﬂ) (5.12)

120



where p,(0) = p(t;_1,t;0) and py(0) = p(t, t;+1;0).
Put 2y = Vp,(0), 22 = Vpy(0), pr = pa(0), p2 = pp(0) and = = Vp;(8), p = p;(6).

Then x = 1 + x5 and p = p; + p2. Simple manipulation shows:

Tzt n Toxd B xxT
b1 b2 p
T
_ ( b2 v — D1 :172) ( D2 2 — b1 $2)
\ p1(p1 + p2) \ p2(p1 + p2) \ p1(p1 + p2) \ p2(p1 + p2)
(5.13)

which is at least positive semidefinite. Together with lemma[5.1.2] the equation above
shows the improvement in asymptotic efficiency of MLE by using a more refined
collection of class intervals.

Without loss of generality, assume the distribution support is (0,00). Recall the
integral form of the information matrix associated with distribution function F'(-; 0)

and density f(-;0):

° * Vo f(y:0)Ve f(y;0)
1(0) = / d 5.14
(6) 0 f(y; 0) G14)
As K — oo and Tk = (fo,t1,...,tk) is dense in (0,00) in limit, the information
matrix corresponding to Tk (equation is:
n O p(e) s f(y;; 0) o '

where p;(0) ~ f(y;;0)(t; —t;—1) and Vp;(0) =~ V f(y;;0)(t; — t;—1) for some y; €
[tj—1,t;] provided t; — t;_; is small for all j. By assumption, lim 7" is dense in the
support, this expression therefore converges to the integral specified in [5.14} coinciding

with the information matrix associated with class frequency model. O]

The next theorem shows the continuously-updated PME coincides with Pearson
minimum x? estimator introduced in Hinkley and Cox (1979). PME estimator thus
provides new insight by demonstrating a well-developed estimator is an instance of

the general quadratic matching framework.
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Theorem 5.2.2 (Continuous-updated PME is Pearson x? Estimator). Suppose there
are K + 1 income classes. Continuously-updated PME 0, coincides with Pearson

minimum x? estimator 0,, which minimises the expression:

K+1 b — p;(0))2

Proof. Recall the continuously-updated PME 6,, minimise the objective function:

where f, and II are specified in expression and theorem [4.4.1] Beware that the
last sample proportion is excluded from f,, and II, and the inverse covariance matrix

is:

(L 1 1 . 1 |
p1 PK+1 PK+1 PK+1
1 1, 1 e 1
-1 __ PK+1 p2 PK+1 PK+1
I = . ‘ ' (5.17)
1 1 (L 1
L PK+1 PK+1 PK Pr+1 J

The continuously-updated PME’s objective function then becomes:

J(O) _ ; (pj(lg) + 1 ) (]3] _pj(g))2+ Z (ﬁj _pj(e))(ﬁk _pk(o) (5.18)

Pr+1(0) P Pr+1(0)

Simple manipulation confirms:

, pj(e) pr+1(0)

Jj=1

X 2
1. 1 .
J0)=>" (B — p;(0))* + (Z(Pj - Pj(@)) (5.19)
j=1
coincides with T'(0) as desired by recognising Z]K:l(ﬁj —pi(0)) = pr+1(0)—Pr+1. O

Hinkley and Cox (1979) establishes that: for any fixed number K + 1 of class
intervals, the Pearson minimum-y? is asymptotically equivalent to the multinomial

MLE, and less efficient than the MLE using micro-observations. Since continuously-
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updated PME coincides with Pearson minimum-y? estimator, it implies the statement
holds true for continuously-updated PME as well. In a similar fashion, the next
theorem shows the equivalence of asymptotic efficiency between multinomial MLE

and two-step PME.

Theorem 5.2.3 (Equivalence of Two-Step PME and Multinomial MLE). For a fized
finite number of income classes, say K+ 1, the asymptotic efficiency of two-step PMFE
(or any PME with weighting matrix w2 0') and multinomial MLE is the same.

Proof. Recall the asymptotic covariance matrix associated with two-step PME (see

theorem or theorem [4.4.5)) is (DTII71 D)~ where:

VTpl (0)

D = D(6) = (5.20)

+ —————Vp;(0)V "' pi(6) (5.21)

With the same manipulation in the previous theorem [5.2.2] one can show:

K41
DI D = Z vpj (0)VTp;(6) (5.22)
which coincides with 1(0)/n, specified in equation [5.11} as desired. O

Theorem 5.2.4 (Efficiency Improvement PME). Let T' = {to,t1,...tx} is the in-
terval bounds for class frequency model. The PME asymptotic covariance matric
associated with T is (DTII71D)~t. A refinement of T is finite set of point T such as

T C T, and let (DRI Dg)™t is the asymptotic covariance matriz associated with
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interval bounds T", then:
(DI 'D)™" > (DRI Dg) ™t

In other words, knowledge on additional class intervals improves asymptotic efficiency
of the PME. Moreover, if the refinement T is dense (in the support) when K tends
to infinity, then:

lim (DTI1D) ! = -(6)
Proof. Theorem [5.2.3| shows the asymptotic equivalence between two-step PME and
Multinomial MLE. The conclusions then follow directly from theorem [5.2.1] Alter-
natively, the fundamental efficiency lemma can be invoked to prove the first

statement. ]

5.2.2 Efficiency Results of QME and IME

The next three theorems are direct application of the fundamental efficiency lemma,
showing essentially that using a more refined collection of groups improves asymptotic
efficiency. The result can be extended to any joint estimator as long as the sample
statistics are consistent jointly asymptotically normal, and the covariance structure

behind those sample statistics remains valid when adding more asmoment condition.

Theorem 5.2.5 (Efficiency Improvement QME). Let (ATS71A)~! be the covariance
matrix associated with the most asymptotically efficient QME estimator using sample
quantiles at P = {my,m, ..., Tk }. A refinement P' of P is a set of percentage points
such that P C P'. Let (ALY, Agr)™! be the covariance matriz associated with the
most asymptotically efficient QME estimator using sample quantiles at refinement
P’ then:

(ARYR AR) P < (AT 1Ay

Proof. Followed from lemma O

Theorem 5.2.6 (Efficiency Improvement IME). Let (BTQ™1B)~! be the covariance

matrix associated with the most asymptotically efficient IME estimator using sample
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non-overlapping interquantile means at P = {pg, p1,p2--.,px}. A refinement P' of
P is a set of percentage points such that P C P'. Let (BEQR'Br)™" be the covariance
matriz associated with the most asymptotically efficient IME estimator using sample

non-overlapping interquantile means at refinement P’, then:
(BRQ5'Bp) ' < (BTQ'B)™!

Proof. Followed from lemma [5.1.4] O

Theorem 5.2.7 (Efficiency Improvement QIME). Let (CTATYC)~! be the covariance
matrix associated with the most asymptotically efficient QIME estimator using sample
quantiles at Py = {my,ma, ..., Tk}, and non-overlapping interquantile means at Py =
{po, p1,p2-- - pr}. Let (CEAL'CR)™! be the covariance matriz associated with the
most asymptotically efficient QIME estimator using sample quantiles at refinement

P{, and sample non-overlapping interquantile means at refinement Pj, then:
(C’EA]}}CR)*1 <(crta~tey !

Proof. Followed from lemma |5.1.4 O

I will conclude this section by two efficiency results and a conjecture. The two the-
orems surprisingly demonstrate that the QME and IQME can achieve their Cramer-
Rao lower bound in limit as the number of groups tend to infinity. Before delving into
the last two efficiency results, some useful conventions in notation are required. First,
sometimes I will suppress the dependence of functions F, f, () on 8 or 6y, but readers
should constantly keep in mind this dependence. Suppression of parameter vector 6
also serves another purpose. For example, VoQ(F (y;0);0) and VgQ(F(y); @) denote
different expression. The former expression is the gradient of Q(F'(y;0);0) with re-
spect to @, while the latter expression is the gradient of VoQ(; @) with respect to 6,
and evaluated at m = F(y; 0).

I also want to offer an alternative quantile view of Fisher’s Information matrix.

Suppose Y1,Y5,...,Y, YR (+;80) with density function f(-;0) and quantile function
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Q(+;0). Maximum likelihood estimator O is asymptotically normal \/ﬁ(éMLE -

0o) 4 N(0, }_1(00)) where ;(0) is information matrix, defined as:

1(6) = / " Voln f(y:0) Vi In £(y:0) £(4:0) dy (5.23)

—00

By making a change of variable y = Q(p; 0), p = F(y; ), the information matrix

can be alternatively expressed as:

10)= [ Foin FQ0): 0.5 n 5@ 0o (521
(M Vef(Q(p);6) Vaf(Q(p):6)
‘/o Q)8 Qe (5.25)

Let’s make a detour by looking at information matrix from quantile perspective.

Firstly, dimension analysis of equation |5.25| reveals that 7(0) is dimensionless in

terms of Y, and contains an inverse squared measurement unit of @ as expected.
Secondly, if you consider R = Vg In f(Q(p); @)pe0,1) as a generalised matrix of size
(0,1) x d, then there are d columns in R. The i® column captures the effect of a
slight change in 6; in the distributional shape (measured by log-quantile function).
Matrix R is ill-behaved whenever its columns are nearly dependent, and it intuitively
means the distributional shape’s change by one parameter can be closely imitated
by adjustment in the other parameters. The situation resembles multicollinearity
problem encountered in econometrics. Thirdly, near linear dependency in R, which
causes the problem of difficult identification, can be revealed from the information
matrix I (0) = RTR. If R is ill-behaved then I (0) is near-singular and the Cramer-
Rao lower bound for any standard estimators’ covariance matrices j’ ~1(0) blows up,

making your estimation extremely imprecise.

From the quantile outlook of information matrix, I propose a ®-measurd’|of “mul-

ticollinearity” of a continuous distribution with information matrix 7(6) as:

~o
—~
=)
N—
N—
I
e
—
~o©
L
—~
[Sa)
S~—
SN—"

D(0) = M (5.26)

Lin honour of my thesis supervisor Dr Fedor Iskhakov, who also pointed out this problem.
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where A, denotes the minimum eigenvalue, and p denotes the spectral radius (also
known as maximum eigenvalue). Very small ® is interpreted as excessive “multi-

collinearity”, causing serious problem in estimation.

Theorem 5.2.8 (QME and Cramer-Rao Lower Bound). Let Y1,Ys, ..., Y, £ F(+;6y)
with density function f(-;0) and quantile function Q(+;0). For any K with K > d, a
set of percentage points P = {m, 7, ..., mx} C (0,1), such that my < mo < ... < T,
18 chosen to compute sample quantiles. Let ; (0) be the information matriz associated
with distribution function F(-;0), and (ALY Ag)™! be the asymptotic covariance
matrix associated with the most asymptotically efficient QME estimator using sample

quantiles at percentage points set Px. Then:
(ARER Ag) ™ = 171(60),

and as long as limg oo max {|mjq —m;] 1 5 =0,1,2,... K} = 0,(mg = 0,41 = 1)

holds, the Cramer-Rao lower bound is achievable in limit:

lim (ATS 1 Ag) ™ = 171(8)

K—oo

Proof. The asymptotic covariance matrix of sample quantiles at Py = {7y, mo, ..., Tk}
[ w1 (1l—m1) w1 (1—m2) . w1 (1—7x) i
f(Q(m))? F(Q(m1)) f(Q(m2)) F(Q(m))f(Q(rk))
w1 (1—m2) o (1l—m2) . mo(l—mk)
Sy = | TREIRE)  T@@m)? FQr) T (@) (5.27)
m1(1—-7k) ma(1—7k) L Tx(1-Tk)
| f(Q(mk))f(Q(m1))  f(Q(rk))f(Q(m2)) fQrr))*

has inverse:

F(Q(r1))* _ Q1) f(Q(r2)) 0 . 0 1
(m1—0)(mw2—m1) To—m
_ f(Q(m) f(Q(m2)) f((Q(vrz)))i(frer) _ fQm2) f(Q(m3)) . 0
T —T1 To—T1)(T3—T2 T3 —T2
-1 FQUENF(Qrs))  f(Q(m3))* (ra—m3)
Y = 0 - ;37@ : (7T3*73fz)(7f4iﬁ3§ 0
f(Q(rr))*(1=mx 1)
L 0 0 0 o (TFK*I;K—l)(lj;Kl) i

(5.28)
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So the inverse of covariance is a banded matrix, whose bandwidth is 1.

Note that the covariance matrix and its inverse are dependent on true parameters 6.

The matrix ¥ has LDLT- decomposition (with sign reversal on L) where:

[ Q) ]
1 fQmm 0 0 0
B F(Q(rs)) /s
0 L 5@ m 0 0
. 0 0 1 0 0
LT = (5.29)
FQric))
0 0 0 1 F Qo) e
0 0 0 0 ~1
[ £(Q(m)2m 0 0 e 0]
my (ma—m1)
0 [(Q(r2))?ms 0 0
o (mr3—m2)
2
Dy = 0 0 % 0 (5.30)
HQmr)?
|0 0 0 ()

The diagonal entries of Dy are called the pivots of ¥'. One passing comment is all
the pivots of the inverse covariance matrix are positive, consistent with the positive

definiteness of Y and Y'. We want to investigate AL LxDxLL Ak of size d x d,

where: -~ - _ -
Vi (715 60) Qo, (13 0) Qo,(m1;0)
A — Vg(ﬂ'z;eo) _ Qo, (m2; 0) Qo,(m2; 0) (5.31)
_V(,T(WK; 90)_ _Qal (7TK; 9) Qed (7TK§ 9)_

of size K by d.

Moreover, Dy can be factored out as product of three diagonal matrices Dg =

ExFrkEx whose diagonal entries of Fy are m;m;41(m41 — m;) and diagonal entries

F(Q(m5))

of Ef are
K 7 (M1 —7;)”

with index j running from 1 to K. When K — oo provided

that the set limit lim Px is dense in (0, 1), it is straightforward to see that matrix
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lim Ex L represents a linear differential operator 7' that send g(p), p € (0,1) to:

d [g(p)f(Q(p))

i ” } , pe(01) (5.32)

This is indeed a linear operator because T(g; + g2) = T'g1 + Tg2 and T(cg) = ¢(Tg)
where ¢ is a scalar, and g, g2, g are differentiable functions in (0, 1).

Denote ATY 1A as limg 00 ALY Ag. The tilda indicates we take a matrix, say A,
to its extreme continuous version A when K = co. We temporarily use 0 instead of

6, for simplicity, then it is apparent that:

AT YA = (ATLE)F(ELTA) (5.33)
1 d [VeQp:0)£(Q(p)] d [VeQ(p:0) Q)" »
_/0 dp { p } dp { P } pap  (5:34)

We aim to show expression [5.25|coincides with expression for information matrix.

Firstly, we are able to expand the integrand of the former expression by using:

4 {Ve@@o; e)f(Q(p))} _ (1 Vo (Q(p); 6)

1
7 ; LT DD) L Zva00n0) 1@W))  (5:39)

By using expression |5.25] it remains to be shown that:

/0 %va@@; 0).V2F(Q(p):0) dp + / %Vef(Q(p)ﬁ)-VgQ(p; 8) dp

T / V0 0).75Q(r: 0) (@) dp = O (5.36)

Details of proving equation [5.36] is deferred to Appendix [A.6], so the validity of the
second statement is fulfilled. Finally, the first statement of the theorem is a direct

consequence of the second statement and theorem [5.2.5| O

Theorem 5.2.9 (IME and Cramer-Rao Lower Bound). Let Y7,Y5,...,Y, “ F(-;0y)

with density function f(-;0) and quantile function Q(-;80). For any K with K > d, a
set of percentage points Px = {po, p1,---,pr} C [0,1], such that pg < p1 < ... < pxk,

is chosen to compute sample interquantile means. Let 1(0) be the information matriz
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associated with distribution function F(-;0), and (BEQ'Byk)™! be the asymptotic
covariance matriz associated with the most asymptotically efficient IME estimator

using sample interquantile mean at percentage points set Px. Then:
(BEQR Bi)™ > I7(8y).

and as long as limKﬁoomaXﬂij —pil = 0,1,2,...[(} =0,(pp = 0,px = 1)
holds, the Cramer-Rao lower bound is achievable in limit:

(BLEO B)™ = 171(8y)

lim
K—oo

Proof. (Heuristic) Let B and Q be the continuous version of discrete matrices B
and €2 previously defined in subsection as K — oo with lim Pk is dense in
(0,1). Let A and ¥ be the continuous version of discrete matrices A and % defined
in theorem [5.2.8 Due to the fundamental connection between sample quantile and
sample interquantile mean (see equation , and connection between quantile and

interquantile mean (see equation [2.4)) we have:

Bk = MyA (5.37)
Qx = MgSME (5.38)

for some linear operator My formulated using percentage points set Px. The inverse

covariance matrix of IME is BEQ !B = ATME(MgEME) " My A. Because

ATSTYA — ATME (M SME) M A

= ATSTVA(I - SYEME(MESME) M 8?5712 4 (5.39)

is idempotent, and ATY 1A = §(0) as showed in theorem [5.2.8) we have BLQ ' Bx <

1(6y) as desired. The Cramer-Rao lower bound is clearly achievable in limit. O

We close off this chapter by an efficiency conjecture.
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Conjecture 5.2.10 (QME and MLE Asymptotic Equivalence). Let Y7,Ys, ..., Y, “

F(+;60) with density function f(-;0) and quantile function Q(+;0). Instead of using
mazimum likelihood, we perform the following quantile matching strategy: match Y;
with Q(1/n; @), match Ys with Q(2/n; @), match Ys with Q(3/n;0) and so on. Suppose
for any given n, the matching estimator we use is the most asymptotically efficient
(using two step QME for instance), then the corresponding estimator, say én, 18
consistent to 0y, asymptotically normal, and asymptotically equivalent to its MLE

counterpart.

The matching scheme in the conjecture above can be considered as generalised
non-linear least square. If the conjecture is correct, then QME, despite being unfea-
sible with microdata when the sample size is very large, is on par with the MLE and

hence being asymptotically the most efficient.
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Chapter 6

Application: Estimating Income

Distributions in Australia

In this chapter, the proposed methods are employed to recover the Australian income
distributions over a span of 14 periods using GB2, Log-normal and Gamma distribu-
tions. The estimated distributions then enable us to explore the concentration levels

of income and inequality dynamics of Australia over time.

6.1 Data Description

We use data from ABS survey on Australian Household Income and Wealth. There
are three types of income data available in the survey: class frequency data, in-
terquantile mean data and quantile data. The comprehensive dataset extends over
14 periods from 1994 to 2015 with the absence of data for several years in between.
A time series of Gini statistics, computed based on microdata and provided by ABS,
is considered an important empirical benchmark for our estimation.

The income data used in our estimation is equivalised disposable income, which
is the total income of a household, after tax and other deductions, that is available
for spending or saving, divided by the number of household members converted into

equalised adults. Household members are equalised or made equivalent by weighting
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Figure 6-1: CLASS FREQUENCY PLOTS
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Notes: Frequency plots are drawn for 4 years 2009, 2011, 2013, 2015. The plot is normalised
so that the blue (or shaded) area in each graph is 1.

each according to their age, using the so-called modified OECD equivalence scaleEl.
The data are also adjusted to CPI factor, so the comparison over time is possible and
meaningful.

Australian income data in class frequency format can be found in Appendix [B],
table [B.1] In this table, income range is subdivided into 29 intervals, including a
special income range, namely “No Income”. Since the fraction of people having zero
income is extremely small, we shall ignore that income group from now on. Frequency
graphs for individual equivalised income data are shown in Figure [6-1] using data on
four recent periods.

Australian income data summarised by quantiles are placed in Table In
this table, sample quantiles are reported at 0.1, 0.2, 0.3,..., 0.9, also known as the

100, 200, ..., 90" percentiles. The reported quantiles take into account people with

1See http://www.oecd.org/eco/growth/0ECD-Note-EquivalenceScales.pdf

134


http://www.oecd.org/eco/growth/OECD-Note-EquivalenceScales.pdf

Figure 6-2: SAMPLE QUANTILES BAR PLOT
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Notes: The chart depicts the income levels at 9 given quantiles for 2 periods: 2009 and
2015. There is a noticeable rise in earnings between two periods, especially at high income
groups P80 and P90.

no income without adjustment. However, since the portion of null-income people
is negligible, the specification of positive support is justifiable. Figure [6-2] shows
the bar plot for sample quantiles in 2009 and 2015. The figure depicts a consistent
improvement in income levels at every given percentile, indicating the rightward of

the entire income distribution.

Australian income data summarised by interquantile means are placed in Ta-
ble In this table, the whole income sample is partitioned into 5 equal subgroups,
also known as quintiles, and the sample averages for each group are computed. Again
the reported statistics do not adjust for the portion of null-income people. However,
ignoring this issue is acceptable since the null-income group is tiny in comparison to
the whole population. Figure [6-3] again depicts the steady improvement in average

real income at any given quintile. Both Figure [6-2] and Figure [6-3| show a noticeable
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Figure 6-3: SAMPLE INTERQUANTILE MEANS BAR PLOT
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Notes: The chart depicts the average income at 5 quintiles for 4 periods: 2009, 2011, 2013,
2015. There is a consistent increase in earnings over 4 periods, indicating a right-shift of

the underlying income distribution.

increase in income level for people with very high earnings. The illustration gives
us some signals that the very high income group is getting richer at a faster pace
than the rest of the population, which is one major determinant of rising inequality

(Koechlin, 2013).

Gini coefficient is a measure of inequality that is dominantly used by the ABS.
With income microdata, ABS computed and reported the Gini statistics in the survey.
Gini coefficient will, later on, be an important benchmark to assess the fitness of
our estimation by verifying the closeness between estimated Gini coefficients and
census Gini coefficients. Figure [6-4 displays a time series graph of Gini coefficients in

Australia for household income from 1994-2015.
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Figure 6-4: GINI STATISTICS, Australia, 1994-1995 to 2015-2016
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Notes: Gini statistics computed using micro-observations and reported by the ABS. The
picture reveals a slight growth of income inequality in Australia in terms of Gini coeffi-

cient.

6.2 Estimating Income Distributions in Australia

To make the analysis tractable, there are two important assumptions we impose:
random sampling and correct specification. Firstly, we assume the sample of roughly
20 million observations ABS obtained is a random sampling from a hypothetical dis-
tribution without worrying about the census nature of the data. This viewpoint is
previously discussed in chapter [l Furthermore, this assumption is likely to be wrong
because ABS obtained income data for around 8 million households and employed
OECD scales to equivalise the earnings for each household member. Instead of having
20 million observations, the ABS’s effective number of data points is only 8 million.

Nevertheless, assuming random sampling is standard and necessary for many econo-
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metric analyses, and we proceed the estimation by assuming iid from now on.

Secondly, we assume that the income distribution has a specified functional form.
The use of Generalised Beta is justified at this point since the family has superb
flexibility and encompasses a wide range of well-known distributions (see chapter [2)).
However, the parametrised form of Generalised Beta family exhibits excessive mul-
ticollinearity (see chapter [5| for a short discussion on how to measure the degree of
multicollinearity). To circumvent the problem, we employ a more restricted class of
distributions, namely GB2. The use of GB2 family is slightly more helpful but still
exhibits a considerable degree of multicollinearity. To my surprise, the estimation
for means, Gini coefficients, and other inequality indices are insensitive to all the
distributions used in this paper.

We will proceed the estimation in two parts. In part I, various distributions such as
GB2, Gamma, Log-normal, mixture of Log-normal, and mixture of Gamma serve as
a descriptive model for income. Except for GB2 family, all the other distributions are
estimated using EM algorithm developed in chapter 3] Concerning part I, we employ
QME, IME and the joint QIME developed in chapter {4] to estimate the parameters
of Gamma, Log-normal, and GB2 distributions. Detailed estimation outputs with
standard errors for part I and part II can be found in Appendix [C|and Appendix D]

Estimation results for both parts are succinctly depicted in Figure[6-5] The figure
plots the estimated GB2 density functions using MLE and joint QIME side by side
in vertical direction. Both estimation techniques, despite being operated on different
kinds of data, show excellent agreement in terms of distributional shapes. Moreover,
the plot reveals a steady upward movement in the underlying income distribution over
time. Based on the estimated quantiles (marked by horizontal dotted line), there is a
marked increase in overall income level from 2005 to 2007, followed by a period of no
improvement in income distribution and then the income distribution slowly moves
upwards after that. This feature is consistent with the event that Australian economy
was only moderately affected by the Great Financial Crisis in 2008 without falling

into recession} The same plots repeated for Gamma and Log-normal distributions

?https://www.worldfinance.com/special-reports/recession-proof-australia
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Figure 6-5: SERIES OF GB2 INCOME DISTRIBUTIONS, 1994 to 2015
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Notes: A violin plot is drawn to analyse the Australian income dynamics over 14 periods
using MLE and QIME with GB2 as a model of income distribution. The symmetric density
graphs in all periods show excellent agreement between two methods. The picture also

reveals a consistent upward shift of overall income level over time. Horizontal dotted lines

indicate the estimated first quartile, the median, and the third quartile.

can be found in Appendix [E] with similar highlighted features.

6.3

Gini Coefficients as Benchmark and Inequality

measures

Another way of assessing the quality of our estimation is using census estimates

of Gini coefficient. The parameters of GB2 family are estimated using two distinct

techniques, namely MLE and QIME and we then extract the Gini statistics from the

estimated distributions. Figure then plots the census series of Gini coefficients

in conjunction with two series of estimated Gini statistics. The extracted Gini coef-

ficients from QIME track the census series exceptionally closed while the extracted

Gini coefficient from MLE is only able to mimic the overall trend. It seems the series
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Figure 6-6: CENSUS END ESTIMATED GINI COEFFICIENTS, 1994 to 2015
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Notes: A time series plot are drawn to compare the census Gini coefficients (provided by
the ABS) and the estimated Gini coefficients using MLE and QIME. GB2 is employed as
a model for the hypothetical income distribution. Estimated Gini statistics using QIME
track the census Gini coefficient remarkably closed.

associated with GB2 estimates consistently underestimate their census versions in ev-
ery period. One possible explanation is the truncation process of null-income group.
Despite being tiny in size, the deletion of low income group can potentially bias our
estimates. The comparison between census estimates and extracted estimates using
MLE and QIME are repeated for Gamma and Log-normal distributions, and related
figures can be found in the Appendix [E]

Finally, the estimated income distributions allow us to look at the inequality
trend with regards to other indices such as Theil index and Pietra index (introduced
in chapter [2). Figure shows the movement of Theil index and Figure shows
the movement of Pietra index. The estimated series show a consistent upward trend
in income inequality. Similar figures using different distributional assumptions can

be found in Appendix [E]
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Figure 6-7: CENSUS END ESTIMATED THEIL COEFFICIENTS, 1994 to 2015
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Notes: A time series plot are drawn to depict the movement of Theil index over time,

extracted from MLE and QIME using GB2 distribution. Both estimated Theil series

exhibit an increasing trend in equality consistent with the Gini measure.

Figure 6-8: ESTIMATED PIETRA COEFFICIENTS, 1994 to 2015
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Notes: A time series plot is drawn to depict the movement of Pietra index over time,
extracted from MLE and QIME using GB2 distribution. Both estimated Pietra series

exhibit an increasing trend in equality consistent with the Gini measure.
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Chapter 7

Conclusion

This thesis has made contribution to the branch of distributional analysis in inequality
literature. By applying and extending the GMM framework (Hansen, 1982)), I obtain
a new estimation framework for analysing grouped data, followed by a fruitful series
of results that are both of practical and theoretical interest. There is still much room
for improvement in this research direction. On the theoretical side, many efficiency
questions still wait to be discovered. To name a few, what is the convergence rate of
the asymptotic covariance matrix to its lowest bound as the number of groups tend
to infinity? Is the efficiency hypothesis in chapter |5 correct? How to incorporate the
new data type, which I shall call truncated mean data, into the quadratic match-
ing framework. An example of this data type can be seen at Chotikapanich| (2008,
p. 75). Can the associated estimator achieve its highest limiting efficiency? On the
practical side, the optimisation routines I employ in this thesis are gradient free and
prone to producing sub-optimal outcomes; therefore, finding an efficient implementa-
tion of new estimation techniques are the priority for future research. With efficient
implementation, one can potentially tackle many inequality questions using various

available sources of income data.
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Appendix A

Mathematical Supplement

A.1 Proof of Theorem 2.1.4

From the parametric equation of the Lorenz curve in theorem [2.1.2 the area under

the Lorenz curve is obtained by:

A:/OOO () ey EY/ /tfy ) fy () di dy

(A.1)

Switching the order of integration with proper adjustments on the bounds, A can be

also expressed as:

EY/ / tfy(t)fy(y) dy dt

oy | o0 B
1

—1-— Oootfy(t)Fy(t) dt

Let I be the integral involved in equation [A.4] Using integration by part:

o0

1= —tR )1 -Fo)| + / (1= B @) (F() + (1) e

0
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With simple manipulation, one can show
2] = EY —I—/ Fy(t)(1 — Fy(t)) dt (A.6)
0
It completes the proof because

G:1—2A:1—2(1—§?O::S?AWFHQQ—FHQVﬁ (A7)

A.2 Proof of Equation 4.31

We wish to show, for p;,ps € (0,1) with p; < pe, and for any given € > 0:

Lnp2] P2

Z Yi = ép dp + oy(n~"") (A.8)

[npa] — anlJ A —— p2—p1

I will denote the left hand side expression A. From the definition &, = inf{y : F},(y) >
p}, we obtain a simple fact that fp Y., for any p € (’ 1 ;L] ¢ running from 1 to n.

Therefore the right hand side integral can be expanded into:

1 P2 1 [np2]/n D1 R P2 R
s [ s [T G- [ Gan) (a9
P2 —P1 Jp, P2 — D1 |np1]/n |np1]/n |np2]/n

With some thinking, one can rewrite each component in the RHS of equation as:

1 npe) /. _ |92
Bt [ - > Vi (A.10)
P2—h [np1]/n np2 — np1 i=npr |41
P1 ) np
c:/ @@:@_ﬁlﬁﬂWMm (A11)
(np I/ n
P2 ) np
D= £, dp = (p2 L 2J) Yiupal 1 (A.12)
(w2l /m n

The problem is reduced to show A — B — C' + D is of probability order o, (n='").

In fact since (p — [np] /n) o< 1/n and Y,pj41:m ~ 0p(n°) for all p, it must be the case
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C, D ~ o,(n~'*) as required. Furthermore:

1 1 [np2]
A—B:( - ) Z Yimm (A.13)

[np2] — [np1]  nps —np: e

The deterministic factor is o< 1/n? while the random factor is ~ o0,(n'"¢). Therefore
we can deduce A — B ~ 0,(n"'"¢), completing the proof. In proving asymptotic

1/2 and the corresponding magnified “noise”

behaviours, we often magnify ép by n
term remains negligible (of order o,(n~'/2%€)). Therefore, I will simply ignore the

noise component and regard the equation as true equality throughout the paper.

A.3 Proof of Equation 4.36

The double integral on B is on a rectangle (p1,p2) X (p1,p2) and the integrand is
multiplicative in p and ¢, therefore it can be factored out as a product of two identical
simple integral. After that, we make a simple change of variable, for instance p = Q(y)

for each simple integral, the result for B is:

f G (A.14)

= <p2Q(p2) - plQ(pl) —(p2 - pl)ﬂ(pl,p2)>2 (A.15)

By the same change of variable and integration by part, A can be broken into 3 pieces:

- [ a0 (1000 = Q) — (= puton ) g (A0

= Al — AQ - A3 <A17)

With the same change of variable, the result of A; is:

_ p2 QQ(Q) B Q(p2)
A= m f(Qq)) da= /Q(pl) yE(y)dy
= % (paQQ(pz) = pQ*(p1) = (92 — P (p1, p2)) (A.18)
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Similarly, The result of A, is:

B 2 1 Q(py) B Q(p2)
= [ Gy = [,
= pQ) (Qp2) — Q1)) (A.19)
Similarly, the result of Aj is:
[ e—p)plprg) , (P [T Qp)
SR A e A - S

We switch the order of integration from dpdg to dqdp with proper adjustment of

integration bounds:

B P22 Q(p) B P2 B
Ay = / / At dads = / Q)(Qp) — Q) dp

= Q(p2)(p2 — p)u(pr,p2) — (p2 — P (p1, p2) (A.21)

I leave readers confirming the following calculation, completing the proof:

2(A1—Ay — A3) — B = (p2 — p1)og + (Q(p1) — ) *pi(1 — p1)

+ (Qp2) — pr)*p2(L = p2) — 2(Q(p1) — 1) (Q(p2) — prr)pr (1 — p2)  (A.22)

A.4 Evaluation of Covariance in Theorem 4.5.5

There are 6 cases in consideration. To compute the integral for the covariance in each
case, we make a change of variable p = F(y), dp = f(y)dy and obtain the formula as

follows:

(1) If F(a) < F(b) < p; < po, the cross covariance is:

F(a) — F(b)
P2 — D1

Y = (1—=p2)Q(pa) — (1 — p1)Q(p1) + (p2 — p1)u(pr, p2)| (A.23)
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(2) If F(a) < p; < F(b) < po, the cross covariance is:

= P[0 ()~ (- p)QU) + (32 = Pt )]
B %Fz(ob) P06 = piQp1) = (FB) = po)alpr, F0)|
__FO)

[0 p) Q) — (1= FO)b+ (p ~ FODMFO).pr)] - (A20)

(3) If F(a) < p; < ps < F(b), the cross covariance is:

= pia])gl [(1 —p2)Q(p2) — (1 = p1)Q(p1) + (p2 — pl)ﬂ(pLPQ)}
1 - F(b)
— P— [sz(pz) —p1Qp1) — (P2 — p1)u(p1,p2)} (A.25)

(4) If p; < F(a) < F(b) < po, the cross covariance is:

o= (29 [Fla)a - pQp) - (F@) = pat, Fla)] +

pia])gl [(1 —p2)Q(p2) — (1 — F(a))a+ (p2 — F(a))u(p(a),m)D
B <1p2__F](7?) [F(b)b —mQ(p1) — (F(b) —pl)lu(pl,F(b»}_'_
F(b)

P [(1 —p2)Q(p2) — (1 — F())b+ (p2 — F(b))u(F(b),pg)D (A.26)

(5) If py < F(a) < py < F(b), the cross covariance is:

o= (L0 [Flaa - nQen) - (F(0) = puton. Fla)]+

(- )@l - (1= Fla)a+ (2 — Fla)(F(a), pz)D
0
— P— [sz(pz) —mQ(p1) — (p2 — pl)u(pl,pg)] (A.27)
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(6) If py < py < F(a) < F(b), the cross covariance is:

F(b) — F(a)
P2 — D1

= [22Q(p2) = 1Q(p1) = (P2 = p1)1a(p1, p2) (A.28)

A.5 Proof of Lemma 5.1.2

The following explanation is taken from StackExchangeH Since A — B > 0, we have
(conjugating with B~'/2) that B~'/2AB~'/2 — I > 0. This tells you that all the
eigenvalues of the positive definite matrix B~Y/2AB~/? are at least 1. Now note
that B~Y/2AB~1/2 = (B~Y/2AY2)(AY2B~1/2). Since commuting the product of two
matrices does not change the set of eigenvalues, we obtain AY2B~1/2B-1/2A1/2 =
AY2B~1 A2 also has all eigenvalues at least 1. So AY2B~1AY2 — [ > 0. Finally, we
conjugate with A='/2 and obtain B~! — A= > 0.

A.6 Proof of Equation |5.36

Making a change of variable p = F(y; 0), y = Q(p; 8), equation is equivalent to:

pitiL) : . < f(y:0) . ‘
/oo F(y;0) VoQF():0)-Vo f(y:0) dy + /oo F(y;0) Vo f(y;0)-VaQ(F(y); ) dy
e} 3 .
+ - ;12((3;’;?) VoQ(F(y):0).VoQ(F(y);0) dy = 04xq (A.29)

Using the fact that y = Q(F(y; 0);0), taking the gradient with respect to 8 for both
sides yields:
0=CQ'(F(y);0)Vol(y;0) + VoQ(F(y); ) (A.30)

Recognising that Q'(F(y);0) = 1/f(y; @) by inverse function theorem, we then have:

_ VoF(y;0)

VoQUF():0) = 4

(A.31)

'https://math.stackexchange.com/questions/435831
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With this neat expression, equation can be rewritten as:

N ;(E/;_e;) VoF(y;0).Vo F(y; 0) dy
> Vol ( y, ).V f(y;0) > Vof(y;0)-VoF(y; 0)
o roe W A

We almost reach the end of the proof. By switching the order of differentiation:

d

d—yVeF(y; 0) =Vof(y;0) (A.33)

Finally, using integration by part, we have:

C F(y;0) o F(y;0) 7
{VaF(y;O) VTF(y;B)rO /°° d [VeF(yﬁ)} T F (o
- —— | (y;0)dy
F(y; 0) . dy | F(y;0)
Vo f( y, VTF(y, 0) * f(y;0) _ .
(/" oL gy [ L Sar o).V P w0 ) (A0

as desired.
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Appendix B

Tables: Dataset
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Table B.1: PERSONS BY INCOME RANGE, Australia, 1994-95 to 2015-16

1994 1995 1996 1997 1999 2000 2002 2003 2005 2007 2009 2011 2013 2015

No income 170.7  129.6  138.6  169.6  159.5  157.8 1754 87.3 73.7 72.6 89.0 87.4 86.4 69.7
$1 - 49 113.7 82.0 77.6 88.3  110.9 99.5  101.0 91.3 88.9 78.8 94.2 80.4 95.3 1224
$50 - 99 84.8 82.9 53.7 72.0 63.3 63.3 76.0 52.0 62.3 42.3 53.7 86.5 75.2 62.3
$100 - 149 70.0 159.0 1283 1078  136.1 136.2  129.7 90.9 64.7 49.8 90.6 86.8 51.0 60.6
$150 - 199 278.8 2985 196.6 233.1 2369 2319 1782  108.0 93.9 1048 1129 102.7 111.7  108.6
$200 - 249 442.1 4711 421.7 4124  400.1  360.1  340.0 233.5 1834  168.7 152.0 165.6  156.2  180.3
$250 - 299 1307.6 1299.3 1100.6 1015.8  927.8 8884  866.6 521.2 3654  255.2 309.1 298.0 318.3 284.6
$300 - 349 1606.9 1596.1 1657.8 1682.7 1601.2 1558.7 1445.5 1280.5 1003.4  775.8 450.5 373.9 373.2  353.8
$350 - 399 1309.8 13153 14114 1305.5 1399.2 1298.5 1219.3 1289.8 1208.9  986.0 1093.5 693.7 565.0 543.3
$400 - 449 1344.2 14078 1281.8 1434.1 1225.7 1302.5 1211.4 1221.3 1085.2 866.0 1158.8 1193.6 9224 1199.7
$450 - 499 1072.4 1211.6 1156.0 1145.2 1149.0 1058.6 1193.7 1102.6 1032.0 8459  963.4 1024.1 1157.9 1128.7
$500 - 549 1050.9 1106.1 1270.8 1148.8  983.9 1110.1 1141.5 987.5  986.9 1034.5 9679  967.2 1183.0 1082.2
$550 - 599 1019.8  989.8 1062.7 894.8 1031.6 1000.9 1104.3 1164.0 1017.0 786.5  976.5  985.2 1072.4 1139.6
$600 - 649 1009.3 1043.2 1060.7  974.5 1015.7 1055.6 1059.6 995.6 1018.9 1029.2 1010.7 899.2  980.4  948.3
$650 - 699 976.9 814 9804 9503 970.7 861.8 943.2 9989 10286 909.9 9935 934.8 974.1 1165.7
$700 - 749 832.0 9016 T741.0 914.8 8704 967.6 966.7 1084.4 1101.3 8972  916.0 973.8 937.1 11518
$750 - 799 806.2  681.8 843.1 808.0 904.0 836.7 834.8 987.3 865.0 945.8 1058.4 1040.6  925.6 1047.7
$800 - 849 613.4  656.0 632.0 755.2 770.5 8134 729.9 8482 8227 858.6  821.7  968.0 1023.7  954.9
$850 - 899 5174 5809 6284 6284  623.7 6926 770.2 81.7 9109 855.0 8298 9079 973.3 8754
$900 - 949 455.5  535.0 589.0 553.6 5055 6153 6329 6406 690.7 811.1  806.6  984.8  975.0  915.1
$950 - 999 4175 4034  462.8 395.8 585.0 459.6 570.8 619.0 v67.7 8294  T726.2 7622 8284 7919

$1,000 - 1,049 3399  396.1 3299 4426 470.5  455.2 4749  546.8 627.6 6409 686.9 639.1 738.7  716.7
$1,050 - 1,099 275.5  364.6 2879  340.6  409.7  396.8 4225 479.4  556.7 5869 6620 729.6 716.2  682.3
$1,100 - 1,199 463.8  399.5 458.0 563.2 5183  651.2  729.1  829.1 9544 1079.0 1189.8 1362.7 1309.2 1308.9
$1,200 - 1,299 317.8 2619  356.0 341.8 450.7  486.7  542.0 57Y0.0 7304 9344 991.8 1042.0 1114.2 1105.7
$1,300 - 1,499 374.3  300.7 3345 4196 5756 5915 651.0 772.6 9745 1370.6 1435.3 1588.5 1577.1 1701.3
$1,500 - 1,699 127.1 169.5  211.1 169.0 198.9  258.8 343.3 4364 496.7 931.7 939.5 1077.1 1008.4 1238.8
$1,700 - 1,999 98.8 85.5 974  160.6  133.2 181.1 215.1 3142 4794 6924 796.6  925.0 961.9 1020.7
$2,000 or more  111.2 81.2  119.2 148.2 2247 268.3 2344 4021  639.6 1204.1 12124 1208.7 1468.0 1332.9

All persons* 17437.6  17731.8 17950.4 18106.7 18492.8 18700.9 19127.6 19518.9 19857.1 20570.5 21500.3 22101.7 22592.9 23224.2

Notes: Equivalised disposable income data per week are summarised in class frequency format, with count unit is in 1000. There are 29 income classes
including negative range and around 20 millions observations each year. Data is taken from ABS at http://abs.gov.au/household-income

*Excluding people with negative income.


http://abs.gov.au/household-income
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Table B.2: EQUIVALISED DISPOSABLE INCOME BY QUANTILES, Australia, 1994-95 to 2015-16

1994 1995 1996 1997 1999 2000 2002 2003 2005 2007 2009 2011 2013 2015

10th (P10) 278 276 290 291 294 297 303 334 352 380 391 410 428 436
20th (P20) 332 330 343 346 354 361 370 407 439 492 485 512 527 523
30th (P30) 396 398 408 414 424 429 452 489 535 605 599 630 631 635
40th (P40) 463 461 484 481 503 517 534 583 634 714 707 746 751 737
50th (P50) 547 540 559 567 596 609 623 678 729 830 816 856 870 853
60th (P60) 633 624 641 661 687 709 721 771 844 951 950 979 991 987
70th (P70) 729 725 744 766 792 810 838 883 966 1104 1109 1135 1148 1153
80th (P80) 847 850 870 886 936 948 975 1039 1131 1308 1309 1339 1349 1371
(P90)

90th (P90) 1051 1034 1059 1095 1144 1181 1209 1295 1422 1654 1654 1684 1741 1705

Notes: Equivalised disposable income data per week are summarised by reporting sample quantiles, with unit in $.

Data Source: http://abs.gov.au/household-income|


http://abs.gov.au/household-income
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Table B.3: EQUIVALISED DISPOSABLE INCOME BY INTERQUANTILE MEANS, Australia, 1994-95 to 2015-16

1994 1995 1996 1997 1999 2000 2002 2003 2005 2007 2009 2011 2013 2015

Lowest quintile 245 247 260 257 260 265 271 307 329 358 357 375 387 388
Second quintile 396 396 411 412 425 434 452 493 535 602 598 629 634 632
Third quintile 247 541 560 570 395 609 624 678 732 829 823 858 869 856
Fourth quintile 731 729 746 768 799 816 839 892 970 1109 1115 1145 1154 1162
Highest quintile 1168 1137 1168 1224 1293 1330 1356 1478 1650 2011 1946 1963 2101 2009

Notes: Equivalised disposable income data per week are summarised by reporting sample interquantile means, with unit in $.
Data Source: http://abs.gov.au/household-income


http://abs.gov.au/household-income
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Table C.1: ESTIMATED DISTRIBUTION FUNCTIONS 1994 INCOME

GB2 G-G LN-LN G LN Expo
p 1.3290 09818  0.0181 a  3.5837
(2.81E-03) (1.18E-03)
q 24320  ag,po  0.2036  -0.5960 A 5.7946 1.6101
(7.49E-03) (2.05E-03) (3.87E-04)
a 22575  Ap,02  0.0605 02574 p -0.6242
(3.35E-03) (1.35E-04)
b 0.7642  ay, ), 41225  -25158 o2 0.3163
(8.47E-04) (1.09E-04)
Aoy 67297 21867
Mean*  0.6202 0.6184 0.6275 0.6211
(8.48E-05) (7.85E-05) (9.13E-05) (1.49E-04)
Gini**  0.2920 0.2878 0.3091 0.5000
(5.66E-05) (4.42E-05) (5.07E-05) (1.95E-17)
Theil 0.1416 0.1331 0.1582 0.4228
(6.51E-05) (4.18E-05) (5.47E-05) (1.12E-15)
Pietra  0.2066 0.2059 0.2215 0.3679
(3.96E-05) (3.24E-05) (3.73E-05) (9.62E-14)
InL  5.85E+05 4.33E+05 2.7T0E+05 7.06E+05 1.05E4+06 6.13E+06

Sample size: 17,437,600

*Census estimate: 0.617

**Census estimate: 0.3020
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Table C.2: ESTIMATED DISTRIBUTION FUNCTIONS 1995 INCOME

GB2 G-G LN-LN G LN Expo
p 1.6288  p 09652  0.0203 a  3.6734
(4.04E-03) (1.20E-03)
q 35162  ag,po 07172 -0.6051 A 6.0145 1.6323
(1.39E-02) (2.10E-03) (3.89E-04)
a 1.9494  Mp,02 07890 02562 g -0.6334
(3.35E-03) (1.32E-04)
b 0.8663  ai, A, 4.2005  -2.1556 o2 0.3068
(1.46E-03) (1.05E-04)
A,op  6.9563  1.2533
Mean*  0.6117 0.6108 0.6188 0.6126
(8.00E-05) (7.59E-05) (8.77E-05) (1.46E-04)
Gini**  0.2875 0.2845 0.3047 0.5000
(5.21E-05) (4.33E-05) (4.95E-05) (1.60E-17)
Theil  0.1357 0.1300 0.1534 0.4228
(5.58E-05) (4.05E-05) (5.25E-05) (3.31E-17)
Pietra  0.2040 0.2035 0.2182 0.3679
(3.70E-05) (3.17E-05) (3.64E-05) (6.96E-14)
InL  4.27E+05 3.45E+05 2.45E+05 5.01E+05 8.16E+05 6.21E+06

Sample size: 17,731,800

*Census estimate: 0.610

**Census estimate: 0.2960
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Table C.3: ESTIMATED DISTRIBUTION FUNCTIONS 1996 INCOME

GB2 G-G LN-LN G LN Expo
D 1.5862 p 0.8885 0.0181 a 3.7809
(3.67E-03) (1.23E-03)
q 2.5956 ag, Lo 1.5454 -0.5761 A 5.9881 1.5765
(8.35E-03) (2.08E-03) (3.74E-04)
a 2.1343 No, 8 1.8248 0.2498 pu -0.5960
(3.36E-03) (1.28E-04)
b 0.7411 ay, A\ 4.7456 -1.8775 o2 0.2941
(8.26E-04) (1.00E-04)
/\1, 01 7.8145 2.5303
Mean* 0.6335 0.6314 0.6383 0.6343
(8.41E-05) (7.69E-05) (8.78E-05) (1.50E-04)
Gini** 0.2863 0.2807 0.2986 0.5000
(5.53E-05) (4.27E-05) (4.84E-05) (3.70E-17)
Theil 0.1363 0.1265 0.1471 0.4228
(6.31E-05) (3.93E-05) (5.00E-05) (2.14E-19)
Pietra 0.2027 0.2007 0.2137 0.3679
(3.88E-05) (3.12E-05) (3.55E-05) (1.35E-13)
-InLL 4.79E405 4.20E+05 2.48E+05 6.21E+05 8.10E4+05 6.59E+06

Sample size: 17,950,400

*Census estimate: 0.629

**Census estimate: 0.2920
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Table C.4: ESTIMATED DISTRIBUTION FUNCTIONS 1997 INCOME

GB2 G-G LN-LN G LN Expo
D 1.5057 p 0.9684 0.0189 «a 3.5947
(3.38E-03) (1.16E-03)
q 2.6054 ag, Lo 0.5506 -0.5544 A 5.5543 1.5366
(8.33E-03) (1.93E-03) (3.63E-04)
a 2.1150 No, 8 0.3899 0.2620 p -0.5784
(3.26E-03) (1.32E-04)
b 0.7841 ay, A\ 4.1820 -2.0546 o2 0.3128
(9.12E-04) (1.06E-04)
/\1,0’1 6.5784 2.2416
Mean* 0.6496 0.6472 0.6557 0.6508
(8.81E-05) (8.05E-05) (9.30E-05) (1.54E-04)
Gini** 0.2931 0.2874 0.3075 0.5000
(5.63E-05) (4.33E-05) (4.95E-05) (5.70E-17)
Theil 0.1428 0.1327 0.1564 0.4228
(6.58E-05) (4.09E-05) (5.31E-05) (4.46E-17)
Pietra 0.2076 0.2056 0.2202 0.3679
(3.95E-05) (3.17E-05) (3.64E-05) (6.94E-14)
-InLL 5.31E405 4.35E+05 2.82E+05 6.62E4+05 9.05E+05 6.32E4-06

Sample size: 18,106,700

*Census estimate: 0.646

**Census estimate: 0.3030
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Table C.5: ESTIMATED DISTRIBUTION FUNCTIONS 1999 INCOME

GB2 G-G LN-LN G LN Expo
p 1.2667  p 09805  0.0239 a  3.4194
(2.64E-03) (1.10E-03)
q 2.3029  ap, o 0.1425  -0.5238 A 5.0024 1.4775
(6.85E-03) (1.76E-03) (3.46E-04)
a 22650  Ap,02  0.0020 02726 u -0.5487
(3.32E-03) (1.35E-04)
b 08243  a;, A, 39750  -1.7810 o2 0.3351
(8.67E-04) (1.13E-04)
A,o0p  6.0323  3.3056
Mean*  0.6747 0.6715 0.6830 0.6768
(9.33E-05) (8.48E-05) (9.99E-05) (1.58E-04)
Gini**  0.2997 0.2942 0.3177 0.5000
(5.78E-05) (4.37E-05) (5.06E-05) (5.96E-17)
Theil  0.1499 0.1392 0.1676 0.4228
(6.98E-05) (4.24E-05) (5.65E-05) (5.39E-18)
Pietra  0.2121 0.2106 0.2278 0.3679
(4.04E-05) (3.21E-05) (3.73E-05) (9.50E-12)
InL  5.58E+05 3.78E+05 3.06E+05 6.88E+05 1.04E+06 6.08E-+06

Sample size: 18,492,800

*Census estimate: 0.674

**Census estimate: 0.3100
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Table C.6: ESTIMATED DISTRIBUTION FUNCTIONS 2000 INCOME

GB2 G-G LN-LN G LN Expo
p 1.2915 0.9769  0.0250 3.3732
(2.74E-03) (1.08E-03)
q 2.1621  ag,po  0.2360  -0.5006 4.8893 1.4360
(6.34E-03) (1.68E-03) (3.35E-04)
a 2.2608  Xp,02 0.0180  0.2781 -0.5237
(3.35E-03) (1.35E-04)
b 0.8066  a;, Ay 3.9307  -1.5805 0.3385
(7.99E-04) (1.14E-04)
Ai,00  5.8296  3.1718
Mean*  0.6943 0.6899 0.7015 0.6964
(9.83E-05) (8.73E-05) (1.03E-04) (1.62E-04)
Gini**  0.3036 0.2961 0.3192 0.5000
(6.02E-05) (4.37E-05) (5.06E-05) (3.15E-17)
Theil  0.1547 0.1410 0.1692 0.4228
(7.62E-05) (4.27E-05) (5.68E-05) (4.72E-17)
Pietra  0.2148 0.2119 0.2289 0.3679
(4.20E-05) (3.21E-05) (3.73E-05) (6.46E-13)
InL  4.92E+05 3.57E+05 2.63E+05 6.42E+05 9.19E+05 5.99E+06

Sample size: 18,700,900

*Census estimate: 0.691

**Census estimate: 0.3110
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Table C.7: ESTIMATED DISTRIBUTION FUNCTIONS 2002 INCOME

GB2 G-G LN-LN G LN Expo
P 13242 0.9787 0.0193 3.4405
(2.88E-03) (1.08E-03)
q 2.5728 ag, Lo 0.2595 -0.4678 4.8724 1.4048
(8.47E-03) (1.66E-03) (3.23E-04)
a 2.1763 No, 8 0.0477 0.2744 -0.4975
(3.35B-03) (1.33E-04)
b 0.9095 ay, A\ 3.9400 -2.2357 0.3346
(1.13E-03) (1.11E-04)
/\1, 01 5.6647 1.5892
Mean* 0.7091 0.7061 0.7188 0.7119
(9.51E-05) (8.74E-05) (1.03E-04) (1.64E-04)
Gini** 0.2982 0.2934 0.3175 0.5000
(5.55E-05) (4.29E-05) (4.97E-05) (1.81E-17)
Theil 0.1476 0.1383 0.1673 0.4228
(6.58E-05) (4.14E-05) (5.54E-05) (5.44E-18)
Pietra 0.2113 0.2099 0.2276 0.3679
(3.88E-05) (3.15E-05) (3.66E-05) (1.15E-12)
-InLL 4.38E+405 3.04E+05 1.95E+05 5.37TE+05  9.44E405 6.16E+06

Sample size: 19,127,600

*Census estimate: 0.708

**Census estimate: 0.3090
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Table C.8: ESTIMATED DISTRIBUTION FUNCTIONS 2003 INCOME

GB2 G-G LN-LN G LN Expo
p 11788 p 0.9685  0.0247 3.5412
(2.37E-03) (1.11E-03)
q 1.7206  ag,p0  0.3550  -0.3998 4.6547 1.2965
(4.48E-03) (1.57E-03) (2.97E-04)
a 25421 Ag,02  0.0522  0.2625 -0.4180
(3.59E-03) (1.29E-04)
b 0.8139  aj, A\  4.2383  -1.2047 0.3228
(6.09E-04) (1.06E-04)
A,op 57389 4.2265
Mean*  0.7681 0.7608 0.7737 0.7713
(1.08E-04) (9.21E-05) (1.08E-04) (1.76E-04)
Gini**  0.2995 0.2894 0.3121 0.5000
(6.26E-05) (4.22E-05) (4.87E-05) (5.45E-22)
Theil  0.1525 0.1346 0.1614 0.4228
(8.24E-05) (4.02E-05) (5.32E-05) (1.76E-18)
Pietra  0.2114 0.2071 0.2236 0.3679
(4.32E-05) (3.10E-05) (3.59E-05) (9.84E-14)
InL  5.38E+05 3.97E+05 2.56E+05 7.34E+4+05 1.01E4+06  6.64E-+06

Sample size: 19,518,900

*Census estimate: 0.769

**Census estimate: 0.3060
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Table C.9: ESTIMATED DISTRIBUTION FUNCTIONS 2005 INCOME

GB2 G-G LN-LN G LN Expo
p 1.0460 09554  0.0303 a  3.4419
(2.06E-03) (1.08E-03)
q 14268  ag,po 04389  -0.3229 A 4.1613 1.1839
(3.53E-03) (1.41E-03) (2.70E-04)
a 27440  Ap,02  0.0674 02677 p -0.3376
(3.86E-03) (1.31E-04)
b 0.8464  ay, N\, 42726  -0.7145 o2 0.3370
(5.49E-04) (1.11E-04)
A,op 53916 4.9610
Mean*  0.8402 0.8271 0.8444 0.8446
(1.26E-04) (1.01E-04) (1.20E-04) (1.93E-04)
Gini**  0.3076 0.2933 0.3186 0.5000
(6.97E-05) (4.26E-05) (4.96E-05) (1.25E-18)
Theil 0.1634 0.1383 0.1685 0.4228
(1.00E-04) (4.11E-05) (5.55E-05) (3.30E-19)
Pictra  0.2168 0.2099 0.2284 0.3679
(4.79E-05) (3.13E-05) (3.66E-05) (1.17E-12)
InL  5.18E405 3.62E+05 2.34E+05 7.36E+05 1.03E4+06 6.45E+06

Sample size: 19,857,100

*Census estimate: 0.843

**Census estimate: 0.3140
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Table C.10: ESTIMATED DISTRIBUTION FUNCTIONS 2007 INCOME

GB2 G-G LN-LN G LN Expo
p 11054 0.9439  0.0232 3.2408
(2.41E-03) (1.01E-03)
q 14346 ag,p0 04584  -0.2009 3.4336 1.0215
(4.05E-03) (1.17E-03) (2.32B-04)
a 25553  Ap,02  0.0315  0.3061 -0.2129
(4.01E-03) (1.34E-04)
b 0.9418  a;, A, 4.0325  -0.6280 0.3667
(7.06E-04) (1.21E-04)
Aoy 45420 6.0217
Mean*  0.9694 0.9438 0.9708 0.9789
(1.65E-04) (1.18E-04) (1.44E-04) (2.23E-04)
Gini**  0.3237 0.3016 0.3315 0.5000
(8.36E-05) (4.34E-05) (5.14E-05) (2.94E-18)
Theil  0.1831 0.1464 0.1834 0.4228
(1.36E-04) (4.32E-05) (6.05E-05) (1.30E-17)
Pietra  0.2285 0.2160 0.2379 0.3679
(5.70E-05) (3.19E-05) (3.81E-05) (6.97E-14)
InL  4.11E+05 2.72E+05 1.89E+05 587E+05 8.35E+05 5.91E+06

Sample size: 20,570,500

*Census estimate: 0.982

**Census estimate: 0.3360
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Table C.11: ESTIMATED DISTRIBUTION FUNCTIONS 2009 INCOME

GB2 G-G LN-LN G LN Expo
p 1.0414 o 09425 00311 a 32114
(2.04E-03) (9.77E-04)
q 14016 ag, o 0.4682  -0.1960 A 3.4089 1.0250
(3.71E-03) (1.14E-03) (2.28E-04)
a 26232  Ag,02  0.0508  0.2080  p -0.2163
(3.79E-03) (1.33E-04)
b 0.9567  a;, A, 40135  -0.8719 o2 0.3734
(7.09E-04) (1.20E-04)
Ai,op 45034 3.8558
Mean*  0.9663 0.9421 0.9709 0.9756
(1.60E-04) (1.15E-04) (1.43E-04) (2.17E-04)
Gini**  0.3236 0.3029 0.3343 0.5000
(8.14E-05) (4.25E-05) (5.06E-05) (8.36E-22)
Theil  0.1827 0.1477 0.1867 0.4228
(1.31E-04) (4.25E-05) (6.02E-05) (8.07E-18)
Pietra  0.2284 0.2169 0.2400 0.3679
(5.53E-05) (3.13E-05) (3.75E-05) (1.20E-13)
InL  4.70E+05 3.17E+05 2.01E+05 6.42E+05 1.02E+06 6.15E+06

Sample size: 21,500,300

*Census estimate: 0.968

**Census estimate: 0.3290
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Table C.12: ESTIMATED DISTRIBUTION FUNCTIONS 2011 INCOME

GB2 G-G LN-LN G LN Expo
p 0.9487  p 09338  0.0209 a  3.3617
(1.88E-03) (1.01E-03)
q 14885  ag,po  0.6497  -0.1501 A 3.4753 0.9986
(4.23E-03) (1.14E-03) (2.19E-04)
a 27604  Ao,02 01980  0.2824 4 -0.1825
(4.13E-03) (1.28E-04)
b 1.0683  ap, A\ 41958  -1.3788 o2 0.3606
(8.59E-04) (1.15E-04)
Aoy 45314 1.9377
Mean*  0.9850 0.9673 0.9978 1.0014
(1.46E-04) (1.14E-04) (1.42E-04) (2.19E-04)
Gini**  0.3101 0.2965 0.3289 0.5000
(7.15E-05) (4.12E-05)  (4.92E-05) (9.73E-20)
Theil  0.1645 0.1414 0.1803 0.4228
(1.04E-04) (4.03E-05) (5.73E-05) (2.48E-17)
Pietra  0.2185 0.2123 0.2360 0.3679
(4.77E-05) (3.03E-05) (3.65E-05) (1.15E-07)
InL  4.06E+05 2.61E+05 1.73E+05 5.34E+05 1.11E+06 6.57E-+06

Sample size: 22,101,700

*Census estimate: 0.994

**Census estimate: 0.3200
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Table C.13: ESTIMATED DISTRIBUTION FUNCTIONS 2013 INCOME

GB2 G-G LN-LN G LN Expo
p 08124 09266  0.0421 a  3.3347
(1.46E-03) (9.96E-04)
q 1.0014  ag,p0 05553  -0.1490 A 3.3848 0.9742
(2.28E-03) (1.11E-03) (2.12E-04)
a 32551  Ag,02  0.0878 02758 4 -0.1644
(4.47E-03) (1.28E-04)
b 0.9495  ay, )\, 43714  -0.3554 o2 0.3636
(4.94E-04) (1.15E-04)
A,y 47285 4.2960
Mean*  1.0190 0.9852 1.0175 1.0265
(1.75E-04) (1.16E-04) (1.44E-04) (2.23E-04)
Gini**  0.3231 0.2976 0.3302 0.5000
(8.72E-05) (4.12E-05) (4.92E-05) (2.83E-19)
Theil  0.1876 0.1425 0.1818 0.4228
(1.49E-04) (4.04E-05) (5.76E-05) (7.00E-18)
Pietra  0.2270 0.2131 0.2370 0.3679
(5.96E-05) (3.03E-05) (3.64E-05) (7.12E-13)
InL  3.95E+05 2.11E+05 1.14E+05 6.33E+05 1.12E+06 6.66E-+06

Sample size: 22,592,900

*Census estimate: 1.029

**Census estimate: 0.3330
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Table C.14: ESTIMATED DISTRIBUTION FUNCTIONS 2015 INCOME

GB2 G-G LN-LN G LN Expo
P 09314  p 0.9506  0.0228 3.3445
(1.64E-03) (9.82E-04)
q 1.3280  ag,po 03425  -0.1446 3.4212 0.9865
(3.36E-03) (1.10E-03) (2.11E-04)
a 28519  Ag,02  0.0192  0.2847 -0.1722
(3.84E-03) (1.26E-04)
b 1.0230  ap, A\ 41673 -1.6382 0.3647
(7.27E-04) (1.13E-04)
A0 44494 3.3199
Mean*  0.9997 0.9776 1.0102 1.0137
(1.53E-04) (1.13E-04) (1.41E-04) (2.17E-04)
Gini**  0.3146 0.2972 0.3306 0.5000
(7.63E-05) (4.04E-05) (4.83E-05) (0.00E+00)
Theil 0.1716 0.1421 0.1824 0.4228
(1.18E-04) (3.96E-05) (5.66E-05) (2.19E-18)
Pietra  0.2215 0.2128 0.2373 0.3679
(5.12E-05) (2.97E-05) (3.57E-05) (7.28E-13)
InL  5.59E+05 3.15E+05 1.73E+05 7.26E+05 1.39E4+06  6.99E+06

Sample size: 23,224,200

*Census estimate: 1.009

**Census estimate: 0.3230
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Table D.1: ESTIMATED DISTRIBUTION FUNCTIONS 1994 INCOME

QME IME QIME
GB2 G LN GB2 G LN GB2 G LN
P, i 89.2642 -0.6188 14.0633 -0.6336 1.3474 -0.6370
(3.74E+01) (1.31E-04)  (6.75E-01) (1.34E-04) (4.41E-03) (1.36E-04)
q, 0 87.8264 0.2849 106.7812 0.3105 2.4829 0.3196
(3.65E+01) (1.15E-04) (1.71E401) (1.07E-04) (1.04E-02) (1.10E-04)
a 0.2827 3.8105 0.5117 3.4520 2.1604 3.3396
(5.93E-02)  (1.47E-03) (1.59E-02)  (1.14E-03) (4.80E-03) (1.10E-03)
b, A 0.5085 6.2649 29.6124 5.5914 0.7673 5.4092
(2.89E-02)  (2.59E-03) (1.01E+01) (1.99E-03) (9.55E-04) (1.91E-03)
Mean*  0.6211 0.6082 0.6211 0.6176 0.6174 0.6198 0.6174 0.6174 0.6205
(1.35E-03)  (2.72E-05) (3.14E-04) (1.50E-02) (3.31E-05) (3.14E-04) (5.15E-04) (3.48E-05) (3.09E-04)
Gini**  0.2939 0.2797 0.2941 0.3004 0.2929 0.3064 0.3012 0.2974 0.3107
(9.99E-04)  (4.39E-06) (2.45E-04) (1.81E-03) (5.45E-06) (2.50E-04) (2.97E-05) (5.82E-06) (2.41E-04)
Theil 0.1423 0.1255 0.1424 0.1467 0.1379 0.1552 0.1511 0.1423 0.1598
(1.02E-03)  (4.02E-06) (2.49E-04) (1.84E-03) (5.25E-06) (2.67E-04) (3.05E-05) (5.70E-06) (2.61E-04)
Pietra  0.2102 0.2000 0.2104 0.2149 0.2096 0.2195 0.2134 0.2129 0.2226
(7.32E-04)  (3.21E-06) (1.80E-04) (1.33E-03) (4.00E-06) (1.84E-04) (2.16E-05) (4.28E-06) (1.77E-04)

Sample size: 17,437,600

*Census estimate: 0.617

**Census estimate: 0.3020



GLT

Table D.2: ESTIMATED DISTRIBUTION FUNCTIONS 1995 INCOME

QME IME QIME
GB2 G LN GB2 G LN GB2 G LN
P, i 46.5979 -0.6255 11.7744 -0.6391 2.4982 -0.6414
(1.24E+01) (1.29E-04)  (4.86E-01) (1.30E-04) (1.40E-02) (1.31E-04)
q, 0 123.8030 0.2824 145.6171 0.2980 6.2966 0.3049
(5.56E+01) (1.13E-04) (2.97E+01) (1.02E-04) (5.55E-02) (1.04E-04)

a 0.3247 3.8432 0.5589 3.5888 1.4416 3.5108

(5.17E-02)  (1.47E-03) (1.52E-02)  (1.18E-03) (5.27E-03)  (1.14E-03)

b, A 11.0499 6.3683 50.9605 5.8835 1.0926 5.7555

(1.15E+01) (2.61E-03) (2.11E+01) (2.07E-03) (5.18E-03) (2.01E-03)
Mean*  0.6138 0.6034 0.6161 0.6100 0.6100 0.6126 0.6100 0.6100 0.6133
(2.15E-02)  (2.63E-05) (3.10E-04) (1.64E-02) (3.03E-05) (3.16E-04) (2.86E-04) (3.14E-05) (3.12E-04)
Gini**  0.2901 0.2786 0.2929 0.2936 0.2877 0.3005 0.2948 0.2906 0.3038
(3.50E-03)  (4.28E-06) (2.47E-04) (1.70E-03) (5.00E-06) (2.65E-04) (5.66E-05) (5.23E-06) (2.57E-04)
Theil 0.1376 0.1245 0.1412 0.1396 0.1329 0.1490 0.1419 0.1357 0.1525
(3.46E-03)  (3.90E-06) (2.49E-04) (1.68E-03) (4.73E-06) (2.76E-04) (5.65E-05) (5.00E-06) (2.72E-04)
Pietra  0.2074 0.1991 0.2095 0.2100 0.2058 0.2151 0.2100 0.2079 0.2175
(2.56E-03)  (3.13E-06) (1.81E-04) (1.25E-03) (3.67E-06) (1.94E-04) (4.13E-05) (3.84E-06) (1.89E-04)

Sample size: 17,731,800

*Census estimate: 0.610

**Census estimate: 0.2960
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Table D.3: ESTIMATED DISTRIBUTION FUNCTIONS 1996 INCOME

QME IME QIME
GB2 G LN GB2 G LN GB2 G LN
b, 62.0854 -0.5924 16.2724 -0.6044 2.2774 -0.6066
(2.11E+01) (1.26E-04)  (8.91E-01) (1.27E-04) (1.13E-02) (1.28E-04)
g, o2 131.4453 0.2723 129.1664 0.2882 4.6489 0.2946
(6.60E+01) (1.0SE-04) (2.44E+01) (9.82E-05) (3.18E-02) (9.96E-05)

a 0.2962 3.9736 0.4922 3.7034 1.6065 3.6225

(5.83E-02)  (1.51E-03) (1.74E-02)  (1.21E-03) (5.10E-03)  (1.18E-03)

b, A 7.0514 6.3962 38.8362 5.8880 0.9163 5.7591

(7.39E+00)  (2.60E-03) (1.64E+01) (2.06E-03) (2.57E-03) (2.00E-03)
Mean*  0.6320 0.6212 0.6337 0.6292 0.6290 0.6311 0.6290 0.6290 0.6318
(1.90E-02) (2.59E-05) (3.24E-04) (1.92E-02) (3.01E-05) (3.31E-04) (3.71E-04) (3.12E-05) (3.27E-04)
Gini**  0.2858 0.2743 0.2878 0.2904 0.2835 0.2958 0.2910 0.2864 0.2989
(3.57E-03)  (3.98E-06) (2.59E-04) (2.07E-03) (4.68E-06) (2.77E-04) (4.11E-05) (4.89E-06) (2.70E-04)
Theil 0.1336 0.1206 0.1361 0.1368 0.1290 0.1441 0.1390 0.1317 0.1473
(3.48E-03) (3.57E-06) (2.57E-04) (2.02E-03) (4.35E-06) (2.84E-04) (4.07E-05) (4.60E-06) (2.80E-04)
Pietra  0.2043 0.1960 0.2058 0.2076 0.2027 0.2116 0.2069 0.2049 0.2139
(2.61E-03) (2.91E-06) (1.90E-04) (1.51E-03) (3.42E-06) (2.03E-04) (2.99E-05) (3.58E-06) (1.98E-04)

Sample size: 17,950,400

*Census estimate: 0.629

**Census estimate: 0.2920



LLT

Table D.4: ESTIMATED DISTRIBUTION FUNCTIONS 1997 INCOME

QME IME QIME
GB2 G LN GB2 G LN GB2 G LN
P, i 90.9109 -0.5760 15.8119 -0.5866 1.4779 -0.5896
(3.80E-+01) (1.28E-04)  (8.31E-01) (1.32E-04)  (5.04E-03) (1.33E-04)
q, 0 88.1249 0.2847 113.0951 0.3121 2.6375 0.3192
(3.62E+01) (1.13E-04) (1.90E+01) (1.06E-04) (1.13E-02) (1.08E-04)
a 0.2814 3.8136 0.4836 3.4497 2.0516 3.3342
(5.85E-02)  (1.44E-03) (1.64E-02)  (1.12E-03) (4.67E-03) (1.07E-03)
b, A 0.5032 6.0076 34.3107 5.3386 0.7959 5.1597
(3.46E-02)  (2.44E-03) (1.29E+01) (1.86E-03) (1.03E-03) (1.79E-03)
Mean*  0.6483 0.6348 0.6481 0.6462 0.6462 0.6501 0.6462 0.6462 0.6505
(1.55E-03)  (2.84E-05) (3.21E-04) (1.82E-02) (3.48E-05) (3.22E-04) (4.89E-04) (3.67E-05) (3.18E-04)
Gini**  0.2937 0.2796 0.2940 0.3009 0.2930 0.3072 0.3023 0.2977 0.3105
(9.99E-04)  (4.30E-06) (2.41E-04) (2.05E-03) (5.35E-06) (2.44E-04) (2.93E-05) (5.73E-06) (2.37E-04)
Theil 0.1422 0.1254 0.1423 0.1474 0.1380 0.1560 0.1522 0.1425 0.1596
(1.02E-03)  (3.94E-06) (2.45E-04) (2.09E-03) (5.16E-06) (2.61E-04) (3.04E-05) (5.62E-06) (2.57E-04)
Pietra  0.2101 0.1999 0.2104 0.2153 0.2097 0.2200 0.2143 0.2131 0.2224
(7.32E-04)  (3.14E-06) (1.77B-04) (1.50E-03) (3.93E-06) (1.79E-04) (2.13E-05) (4.21E-06) (1.74E-04)

Sample size: 18,106,700

*Census estimate: 0.646

**Census estimate: 0.3030
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Table D.5: ESTIMATED DISTRIBUTION FUNCTIONS 1999 INCOME

QME IME QIME
GB2 G LN GB2 G LN GB2 G LN
s 29.3774 -0.5406 13.4001 -0.5534 1.3689 -0.5572
(5.25E+00) (1.30E-04)  (5.94E-01) (1.33E-04) (4.40E-03) (1.35E-04)
q, 0 144.7326 0.2992 98.5713 0.3273 2.4950 0.3362
(6.45E+01) (1.17TE-04) (1.42E401) (1.10E-04) (1.02E-02) (1.12E-04)
a 0.3722 3.6453 0.5117 3.2866 2.0868 3.1795
(4.19E-02)  (1.36E-03) (1.47E-02)  (1.06E-03) (4.53E-03) (1.01E-03)
b, A 43.6802 5.5125 30.2424 4.8736 0.8351 4.7145
(5.25E+01) (2.22E-03) (9.30E+00) (1.69E-03) (1.04E-03) (1.62E-03)
Mean*  0.6717 0.6613 0.6764 0.6746 0.6744 0.6772 0.6744 0.6744 0.6776
(3.52E-02) (3.21E-05) (3.22B-04) (1.50E-02) (3.97E-05) (3.22E-04) (4.62E-04) (4.18E-05) (3.18E-04)
Gini**  0.2961 0.2856 0.3011 0.3077 0.2996 0.3142 0.3090 0.3043 0.3182
(3.61E-03) (4.65E-06) (2.20B-04) (1.72E-03) (5.82E-06) (2.23E-04) (3.03E-05) (6.22E-06) (2.16E-04)
Theil 0.1431 0.1309 0.1496 0.1543 0.1445 0.1637 0.1595 0.1491 0.1681
(3.64E-03)  (4.36E-06) (2.30E-04) (1.80E-03) (5.76E-06) (2.46E-04) (3.21E-05) (6.25E-06) (2.41E-04)
Pietra  0.2118 0.2042 0.2155 0.2203 0.2146 0.2252 0.2191 0.2180 0.2281
(2.64E-03)  (3.40E-06) (1.62E-04) (1.27E-03) (4.28E-06) (1.65E-04) (2.20E-05) (4.58E-06) (1.59E-04)

Sample size: 18,492,800

*Census estimate: 0.674

**Census estimate: 0.3100
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Table D.6: ESTIMATED DISTRIBUTION FUNCTIONS 2000 INCOME

QME IME QIME
GB2 G LN GB2 G LN GB2 G LN
P, i 28.0105 -0.5196 14.2509 -0.5312 1.4200 -0.5346
(4.77E+00) (1.31E-04)  (6.60E-01) (1.33E-04) (4.63E-03) (1.35E-04)
q, 0 145.1934 0.3057 91.5500 0.3307 2.5136 0.3389
(6.39E+01) (1.19E-04) (1.25E+01) (1.10E-04) (1.03E-02) (1.12E-04)

a 0.3754 3.5741 0.4979 3.2555 2.0449 3.1568

(4.04E-02)  (1.32E-03) (1.48E-02)  (1.04E-03) (4.47E-03) (9.99E-04)

b, A 49.3045 5.2792 26.1579 4.7129 0.8427 4.5698

(5.88E+01) (2.11E-03) (7.63E+00) (1.62E-03) (1.03E-03) (1.56E-03)
Mean*  0.6879 0.6770 0.6930 0.6907 0.6908 0.6936 0.6908 0.6908 0.6941
(3.65E-02) (3.42E-05) (3.24E-04) (1.46E-02) (4.16E-05) (3.26E-04) (4.58E-04) (4.37E-05) (3.22E-04)
Gini**  0.2990 0.2882 0.3042 0.3095 0.3010 0.3157 0.3108 0.3053 0.3194
(3.59E-03) (4.80E-06) (2.12E-04) (1.74E-03) (5.90E-06) (2.19E-04) (3.00E-05) (6.27E-06) (2.12E-04)
Theil 0.1460 0.1334 0.1528 0.1563 0.1458 0.1653 0.1616 0.1501 0.1694
(3.67E-03) (4.55E-06) (2.24E-04) (1.84E-03) (5.86E-06) (2.42E-04) (3.22E-05) (6.33E-06) (2.38E-04)
Pietra  0.2140 0.2062 0.2178 0.2216 0.2155 0.2263 0.2204 0.2187 0.2290
(2.64E-03)  (3.52E-06) (1.56E-04) (1.28E-03) (4.34E-06) (1.61E-04) (2.19E-05) (4.62E-06) (1.56E-04)

Sample size: 18,700,900

*Census estimate: 0.691

**Census estimate: 0.3110
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Table D.7: ESTIMATED DISTRIBUTION FUNCTIONS 2002 INCOME

QME IME QIME
GB2 G LN GB2 G LN GB2 G LN
s 18.9989 -0.4918 9.3834 -0.5050 1.3454 -0.5049
(2.25E+00) (1.29E-04) (2.91E-01) (1.32E-04) (4.21E-03) (1.33E-04)
q, 0 155.7913 0.3049 76.4180 0.3332 2.5162 0.3370
(6.72E+01) (1.18E-04)  (8.36E+400) (1.10E-04) (1.01E-02) (1.11E-04)
a 0.4437 3.5827 0.6088 3.2680 2.0997 3.1894
(3.42E-02)  (1.31E-03) (1.24E-02)  (1.03E-03) (4.47E-03) (9.98E-04)
b, A 73.4680 5.1495 20.4345 4.6134 0.8905 4.5022
(7.87E+01)  (2.04E-03) (4.06E+00) (1.57E-03) (1.11E-03) (1.52E-03)
Mean*  0.7052 0.6957 0.7123 0.7084 0.7084 0.7129 0.7084 0.7084 0.7143
(3.13E-02) (3.51E-05) (3.29E-04) (8.48E-03) (4.26E-05) (3.30E-04) (4.30E-04) (4.43E-05) (3.29E-04)
Gini**  0.2971 0.2879 0.3038 0.3071 0.3004 0.3168 0.3083 0.3038 0.3185
(2.72E-03)  (4.73E-06) (2.10E-04) (1.05E-03) (5.79E-06) (2.14E-04) (3.02E-05) (6.03E-06) (2.11E-04)
Theil 0.1435 0.1331 0.1524 0.1533 0.1453 0.1666 0.1586 0.1487 0.1685
(2.74E-03)  (4A7E-06) (2.22E-04) (1.09E-03) (5.74E-06) (2.37E-04) (3.18E-05) (6.10E-06) (2.37E-04)
Pietra  0.2125 0.2059 0.2175 0.2199 0.2151 0.2271 0.2186 0.2176 0.2284
(1.99E-03)  (3.46E-06) (1.55B-04) (7.71E-04) (4.26E-06) (1.57E-04) (2.19E-05) (4.48E-06) (1.56E-04)

Sample size: 19,127,600

*Census estimate: 0.708

**Census estimate: 0.3090



181

Table D.8: ESTIMATED DISTRIBUTION FUNCTIONS 2003 INCOME

QME IME QIME
GB2 G LN GB2 G LN GB2 G LN
D, i 31.3041 -0.4143 7.1181 -0.4161 1.7106 -0.4142
(5.74AE+00) (1.24E-04) (1.30E-01) (1.27E-04) (6.01E-03) (1.26E-04)
q, 0 141.1047 0.2892 11.4277 0.3120 2.3864 0.3079
(6.08E+01) (1.10E-04) (2.55E-01) (1.02E-04)  (9.34E-03) (9.99E-05)
a 0.3691 3.7577 0.8760 3.4351 2.0041 3.3617
(4.24E-02)  (1.37E-03) (9.10E-03)  (1.08E-03) (4.46E-03)  (1.04E-03)
b, A 40.2805 5.0291 1.1675 4.4639 0.8130 4.3682
(4.59E+01) (1.97E-03) (1.25E-02) (1.50E-03) (7.55E-04) (1.46E-03)
Mean*  0.7588 0.7472 0.7636 0.7694 0.7695 0.7710 0.7689 0.7696 0.7709
(3.63E-02) (3.64E-05) (3.61E-04) (3.06E-04) (4.48E-05) (3.68E-04) (5.33E-04) (4.64E-05) (3.72E-04)
Gini**  0.2920 0.2816 0.2962 0.3040 0.2936 0.3071 0.3046 0.2965 0.3052
(3.42E-03) (4.26E-06) (2.26E-04) (1.38E-04) (5.20E-06) (2.35E-04) (2.56E-05) (5.43E-06) (2.41E-04)
Theil 0.1391 0.1272 0.1446 0.1524 0.1386 0.1560 0.1566 0.1414 0.1540
(3.40E-03) (3.93E-06) (2.32E-04) (1.45E-04) (5.02E-06) (2.51E-04) (2.75E-05) (5.30E-06) (2.56E-04)
Pietra  0.2088 0.2013 0.2120 0.2172 0.2101 0.2200 0.2159 0.2123 0.2186
(2.50E-03)  (3.12E-06) (1.66E-04) (1.01E-04) (3.82E-06) (1.73E-04) (1.86E-05) (3.99E-06) (1.77E-04)

Sample size: 19,518,900

*Census estimate: 0.769

**Census estimate: 0.3060
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Table D.9: ESTIMATED DISTRIBUTION FUNCTIONS 2005 INCOME

QME IME QIME
GB2 G LN GB2 G LN GB2 G LN
D, 13.2154 -0.3332 2.9633 -0.3330 1.6695 -0.3354
(1.01E-+00) (1.26E-04) (2.15E-02) (1.29E-04) (5.64E-03) (1.29E-04)
q, 0 58.2588 0.3025 3.7811 0.3273 2.1279 0.3296
(1.04E-+01) (1.15E-04) (2.89E-02) (1.06E-04) (7.65E-03) (1.06E-04)
a 0.5599 3.6062 1.4533 3.2878 2.0484 3.2222
(2.70E-02)  (1.30E-03) (6.11E-03) (1.02E-03) (4.35E-03)  (9.90E-04)
b, A 10.6225 4.4283 0.8694 3.8999 0.8328 3.8214
(3.30E++00)  (1.72E-03) (1.37E-03)  (1.30E-03) (6.60E-04) (1.27E-03)
Mean*  0.8255 0.8144 0.8336 0.8429 0.8431 0.8442 0.8413 0.8432 0.8432
(6.80E-03) (4.45E-05) (3.80E-04) (4.71E-04) (5.57E-05) (3.88E-04) (5.52E-04) (5.75E-05) (3.86E-04)
Gini**  0.2963 0.2870 0.3026 0.3122 0.2996 0.3142 0.3116 0.3024 0.3152
(9.53E-04)  (4.58E-06) (2.09E-04) (4.32E-05) (5.61E-06) (2.16E-04) (2.49E-05) (5.85E-06) (2.15E-04)
Theil 0.1429 0.1323 0.1512 0.1638 0.1444 0.1636 0.1657 0.1472 0.1648
(9.58E-04)  (4.32E-06) (2.20E-04) (4.80E-05) (5.55E-06) (2.37E-04) (2.80E-05) (5.84E-06) (2.37E-04)
Pietra  0.2119 0.2053 0.2167 0.2223 0.2145 0.2252 0.2208 0.2166 0.2259
(6.98E-04) (3.36E-06) (1.54E-04) (3.16E-05) (4.13E-06) (1.59E-04) (1.81E-05) (4.30E-06) (1.58E-04)

Sample size: 19,857,100

*Census estimate: 0.843

**Census estimate: 0.3140
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Table D.10: ESTIMATED DISTRIBUTION FUNCTIONS 2007 INCOME

QME IME QIME
GB2 G LN GB2 G LN GB2 G LN
D, 11.3095 -0.2102 1.3939 -0.2047 1.1597 -0.2080
(7.78E-01) (1.29E-04) (5.03E-03) (1.35E-04)  (3.06E-03) (1.35E-04)
¢, 0> 116.8032 0.3299 1.6229 0.3711 1.4168 0.3738
(3.55E+01) (1.23E-04) (5.77E-03) (1.18E-04) (3.90E-03) (1.18E-04)
a 0.5493 3.3291 2.2156 2.9328 2.4866 2.8381
(2.50E-02)  (1.17E-03) (5.07E-03)  (8.91E-04) (4.38E-03) (8.53E-04)
b, A 60.6790 3.5756 0.8923 2.9884 0.9103 2.8908
(3.77TE+01) (1.37E-03) (5.83E-04) (9.86E-04) (5.21E-04)  (9.48E-04)
Mean*  0.9423 0.9311 0.9558 0.9808 0.9814 0.9810 0.9745 0.9818 0.9791
(2.03E-02)  (6.30E-05) (4.06E-04) (5.71E-04) (8.65B-05) (4.09E-04) (5.85E-04) (9.11E-05) (4.07E-04)
Gini**  0.3061 0.2979 0.3154 0.3337 0.3158 0.3333 0.3298 0.3205 0.3345
(1.50E-03)  (5.26E-06) (1.79E-04) (2.53E-05) (6.90E-06) (1.73E-04) (2.49E-05) (7.36E-06) (1.73E-04)
Theil 0.1523 0.1427 0.1650 0.1958 0.1609 0.1855 0.1917 0.1660 0.1869
(1.56E-03)  (5.17E-06) (1.98E-04) (3.28E-05) (7.22E-06) (2.05E-04) (3.21E-05) (7.84E-06) (2.05E-04)
Pietra  0.2192 0.2133 0.2260 0.2364 0.2265 0.2393 0.2331 0.2300 0.2402
(1.11E-03)  (3.87E-06) (1.32E-04) (1.84E-05) (5.10E-06) (1.28E-04) (1.80E-05) (5.45E-06) (1.28E-04)

Sample size: 20,570,500

*Census estimate: 0.982

**Census estimate: 0.3360
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Table D.11: ESTIMATED DISTRIBUTION FUNCTIONS 2009 INCOME

QME IME QIME
GB2 G LN GB2 G LN GB2 G LN
D, 34.3662 -0.2115 2.6190 -0.2120 1.2928 -0.2153
(6.51E+00) (1.26E-04) (1.64E-02) (1.30E-04) (3.56E-03) (1.31E-04)
q, 0 137.3288 0.3257 3.4775 0.3617 1.7010 0.3664
(5.63E+01) (1.19E-04) (2.34E-02) (1.13E-04) (5.05E-03) (1.13E-04)

a 0.3354 3.3694 1.4688 3.0008 2.2640 2.9168

(3.94E-02) (1.16E-03) (5.44E-03)  (8.92E-04) (4.11E-03)  (8.58E-04)

b, A 51.7974 3.6272 1.0141 3.1014 0.9524 3.0139

(5.93E+01) (1.35E-03) (1.54E-03)  (9.99E-04) (6.32E-04)  (9.65E-04)
Mean*  0.9466 0.9289 0.9525 0.9673 0.9676 0.9693 0.9658 0.9678 0.9684
(5.00E-02)  (6.03E-05) (3.99E-04) (3.82E-04) (7.95E-05) (4.02E-04) (5.02E-04) (8.31E-05) (3.99E-04)
Gini**  0.3093 0.2962 0.3135 0.3266 0.3125 0.3294 0.3272 0.3166 0.3314
(3.96E-03)  (5.03E-06) (1.79E-04) (4.25E-05) (6.45E-06) (1.77E-04) (2.44E-05) (6.83E-06) (1.74E-04)
Theil 0.1569 0.1411 0.1628 0.1804 0.1575 0.1809 0.1856 0.1617 0.1832
(4.22E-03) (4.91E-06) (1.96E-04) (5.00E-05) (6.68E-06) (2.06E-04) (2.94E-05) (7.17E-06) (2.05E-04)
Pietra  0.2215 0.2120 0.2246 0.2328 0.2240 0.2364 0.2316 0.2270 0.2378
(2.92E-03)  (3.69E-06) (1.32E-04) (3.12E-05) (4.76E-06) (1.31E-04) (1.77E-05) (5.05E-06) (1.29E-04)

Sample size: 21,500,300

*Census estimate: 0.968

**Census estimate: 0.3290
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Table D.12: ESTIMATED DISTRIBUTION FUNCTIONS 2011 INCOME

QME IME QIME
GB2 G LN GB2 G LN GB2 G LN
D, i 20.7609 -0.1731 1.6731 -0.1759 1.0811 -0.1787
(2.48E-+00) (1.21E-04) (6.99E-03) (1.25E-04) (2.66E-03) (1.26E-04)
q, 0 151.3382 0.3087 2.3301 0.3442 1.4997 0.3488
(6.01E-+01) (1.11E-04) (1.06E-02) (1.06E-04) (4.06E-03) (1.06E-04)

a 0.4242 3.5378 1.9409 3.1325 2.5721 3.0487

(3.27E-02)  (1.20E-03) (5.13E-03)  (9.20E-04) (4.34E-03)  (8.86E-04)

b, A 94.9863 3.6918 1.0421 3.1518 1.0058 3.0671

(9.65E+01)  (1.36E-03) (1.01E-03) (1.00E-03) (5.86E-04)  (9.67E-04)
Mean*  0.9721 0.9583 0.9814 0.9938 0.9939 0.9962 0.9923 0.9940 0.9958
(4.24E-02)  (5.86E-05) (4.19E-04) (4.11E-04) (7.74E-05) (4.20E-04) (5.03E-04) (8.07E-05) (4.17E-04)
Gini**  0.2994 0.2896 0.3056 0.3182 0.3064 0.3217 0.3183 0.3102 0.3238
(2.74E-03)  (4.51E-06) (1.92E-04) (2.63E-05) (5.85E-06) (1.89E-04) (2.38E-05) (6.18E-06) (1.86E-04)
Theil 0.1460 0.1347 0.1544 0.1720 0.1512 0.1721 0.1753 0.1551 0.1744
(2.79E-03)  (4.29E-06) (2.04E-04) (2.99E-05) (5.93E-06) (2.14E-04) (2.72E-05) (6.34E-06) (2.13E-04)
Pietra  0.2142 0.2072 0.2189 0.2258 0.2195 0.2307 0.2247 0.2223 0.2322
(2.01E-03)  (3.30E-06) (1.41E-04) (1.91E-05) (4.31E-06) (1.40E-04) (1.71E-05) (4.56E-06) (1.37E-04)

Sample size: 22,101,700

*Census estimate: 0.994

**Census estimate: 0.3200
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Table D.13: ESTIMATED DISTRIBUTION FUNCTIONS 2013 INCOME

QME IME QIME
GB2 G LN GB2 G LN GB2 G LN
D, i 91.7820 -0.1543 1.6089 -0.1571 0.9111 -0.1577
(3.39E+01) (1.18E-04) (6.07E-03) (1.28E-04) (2.06E-03) (1.27E-04)
q, 0 81.4726 0.3043 1.6583 0.3684 1.0462 0.3630
(2.83E+01) (1.08E-04) (5.81E-03) (1.12E-04) (2.43E-03) (1.10E-04)

a 0.2764 3.5796 2.1498 3.0565 3.0304 2.9006

(4.96E-02)  (1.21E-03) (4.91E-03) (8.87E-04) (4.80E-03) (8.32E-04)

b, A 0.5557 3.6685 0.8712 2.9721 0.9165 2.8189

(8.99E-02)  (1.33E-03) (5.79E-04)  (9.34E-04) (3.96E-04) (8.81E-04)
Mean*  0.9989 0.9758 0.9978 1.0274 1.0284 1.0275 1.0252 1.0290 1.0241
(3.66E-03)  (5.89E-05) (4.25E-04) (5.92E-04) (8.50E-05) (4.10E-04) (6.63E-04) (9.22E-05) (4.14E-04)
Gini**  0.3043 0.2880 0.3035 0.3296 0.3098 0.3322 0.3298 0.3174 0.3299
(1.12E-03)  (4.36E-06) (1.94E-04) (2.45E-05) (6.07E-06) (1.67E-04) (3.01E-05) (6.73E-06) (1.73E-04)
Theil 0.1532 0.1332 0.1521 0.1920 0.1548 0.1842 0.1970 0.1626 0.1815
(1.19E-03)  (4.12E-06) (2.05E-04) (3.23E-05) (6.23E-06) (1.97E-04) (4.42E-05) (7.09E-06) (2.02E-04)
Pietra  0.2178 0.2060 0.2173 0.2337 0.2221 0.2385 0.2321 0.2276 0.2368
(8.25E-04) (3.19E-06) (1.43E-04) (L.79E-05) (4.48E-06) (1.24E-04) (2.17E-05) (4.98E-06) (1.28E-04)

Sample size: 22,592,900

*Census estimate: 1.029

**Census estimate: 0.3330
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Table D.14: ESTIMATED DISTRIBUTION FUNCTIONS 2015 INCOME

QME IME QIME
GB2 G LN GB2 G LN GB2 G LN
D, 113.7727 -0.1570 45473 -0.1608 1.1297 -0.1673
(4.53E+01) (1.15E-04) (4.47E-02) (1.21E-04) (2.76E-03) (1.23E-04)
q, 0 62.7674 0.2964 5.1257 0.3407 1.3951 0.3499
(1.84E-+01) (1.04E-04) (5.01E-02) (1.02E-04) (3.57E-03) (1.04E-04)
a 0.2894 3.6701 1.1583 3.1771 2.5889 3.0439
(4.81E-02)  (1.22E-03) (6.19E-03) (9.10E-04) (4.25E-03)  (8.63E-04)
b, A 0.1083 3.7825 0.9538 3.1484 0.9538 3.0156
(7.64E-02)  (1.36E-03) (1.69E-03)  (9.74E-04) (4.95E-04) (9.27E-04)
Mean*  0.9944 0.9703 0.9912 1.0094 1.0091 1.0096 1.0088 1.0094 1.0076
(5.36E-02)  (5.53E-05) (4.23E-04) (4.18E-04) (7.61E-05) (4.18E-04) (5.42E-04) (8.13E-05) (4.11E-04)
Gini**  0.3019 0.2847 0.2997 0.3199 0.3044 0.3202 0.3214 0.3104 0.3242
(2.77E-03)  (4.09E-06) (2.00E-04) (6.32E-05) (5.55E-06) (1.87E-04) (2.25E-05) (6.04E-06) (1.81E-04)
Theil 0.1512 0.1301 0.1482 0.1722 0.1492 0.1703 0.1812 0.1554 0.1749
(2.93E-03)  (3.82E-06) (2.07E-04) (7.25E-05) (5.58E-06) (2.11E-04) (2.78E-05) (6.21E-06) (2.07E-04)
Pietra  0.2161 0.2036 0.2145 0.2284 0.2180 0.2296 0.2268 0.2225 0.2326
(2.03E-03)  (3.00E-06) (1.47E-04) (4.65E-05) (4.09E-06) (1.38E-04) (1.62E-05) (4.46E-06) (1.33E-04)

Sample size: 23,224,200

*Census estimate: 1.009

**Census estimate: 0.3230
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Figure E-1: VIOLIN PLOT OF GAMMA INCOME DISTRIBUTIONS, Australia, 1994-1995 to 2015-2016
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Notes: A violin plot is drawn to analyse the Australian income dynamics over 14 periods using MLE and QIME with Gamma as
a model of income distribution. The symmetric density graphs in all periods show excellent agreement between two methods. The

picture also reveals a consistent upward shift of overall income level over time. Horizontal dotted lines indicate the estimated first

quartile, the median, and the third quartile.
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Figure E-2: VIOLIN PLOT OF LOG-NORMAL INCOME DISTRIBUTIONS, 1994 to 2015
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Notes: A violin plot are drawn to analyse the Australian income dynamics over 14 periods using MLE and QIME with Log-normal
as a model of income distribution. The symmetric density graphs in all periods show excellent agreement between two methods. The

picture also reveals a consistent upward shift of overall income level over time. Horizontal dotted lines indicate the estimated first

quartile, the median, and the third quartile.
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Figure E-3: CENSUS AND ESTIMATED GINI COEFFICIENTS USING GAMMA, 1994 to 2015
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Notes: A time series plot is drawn to depict the movement of Gini index over time, extracted from MLE and QIME using Gamma

distribution. Both estimated Gini series is able to trace the rising or falling movements but consistently underestimate the census
series.
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Figure E-4: CENSUS AND ESTIMATED GINI COEFFICIENTS USING LOG-NORMAL, Australia, 1994-1995 to 2015-2016
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Notes: A time series plot is drawn to depict the movement of Gini index over time, extracted from MLE and QIME using Log-normal
distribution. Both estimated Gini series trace the census series moderately closed.



Figure E-5: ESTIMATED THEIL COEFFICIENTS USING GAMMA, 1994 to 2015
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Notes: A time series plot is drawn to depict the movement of Theil index over time,
extracted from MLE and QIME using Gamma distribution. Both estimated Theil series
exhibit an increasing trend in inequality consistent with the Gini measure.

Figure E-6: ESTIMATED THEIL COEFFICIENTS USING LOG-NORMAL, 1994
to 2015
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Notes: A time series plot is drawn to depict the movement of Theil index over time,

extracted from MLE and QIME using Log-normal distribution. Both estimated Theil

series exhibit an increasing trend in inequality consistent with the Gini measure.
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Figure E-7: ESTIMATED PIETRA COEFFICIENTS USING GAMMA, 1994 to
2015
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Notes: A time series plot is drawn to depict the movement of Pietra index over time,
extracted from MLE and QIME using Gamma distribution. Both estimated Pietra series

exhibit an increasing trend in inequality consistent with the Gini measure.

Figure E-8: ESTIMATED PIETRA COEFFICIENTS USING LOG-NORMAL, 1994
to 2015
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Notes: A time series plot is drawn to depict the movement of Pietra index over time,
extracted from MLE and QIME using Log-normal distribution. Both estimated Pietra

series exhibit an increasing trend in inequality consistent with the Gini measure.
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